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PREFACE 


In this book for the first time the authors introduce the notion of real 
neutrosophic complex numbers. Further the new notion of finite 
complex modulo integers is defined. For every C(Z,) the complex 


modulo integer i; is such that i; =n— 1. Several algebraic structures on 


C(Z,) are introduced and studied. 

Further the notion of complex neutrosophic modulo integers is 
introduced. Vector spaces and linear algebras are constructed using 
these neutrosophic complex modulo integers. 

This book is organized into 5 chapters. The first chapter introduces 
real neutrosophic complex numbers. Chapter two introduces the notion 
of finite complex numbers; algebraic structures like groups, rings etc are 
defined using them. Matrices and polynomials are constructed using 


these finite complex numbers. 


Chapter three introduces the notion of neutrosophic complex 
modulo integers. Algebraic structures using neutrosophic complex 
modulo integers are built and around 90 examples are given. Some 
probable applications are suggested in chapter four and chapter five 
suggests around 160 problems some of which are at research level. 

We thank Dr. K.Kandasamy for proof reading and being extremely 


supportive. 


W.B.VASANTHA KANDASAMY 
FLORENTIN SMARANDACHE 


Chapter One 


REAL NEUTROSOPHIC COMPLEX 
NUMBERS 


In this chapter we for the first time we define the notion of 
integer neutrosophic complex numbers, rational neutrosophic 
complex numbers and real neutrosophic complex numbers and 
derive interesting properties related with them. 

Throughout this chapter Z denotes the set of integers, Q the 
rationals and R the reals. I denotes the indeterminacy and I’ = I. 
Further i is the complex number and ?=-lori= I . Also 
(Z OT) = {a+ bl la, b € Z} = N(Z) and ZI = {alla e Z}. 
Similarly (Q UT) = {a + bI 1a, b € Q} = N(Q) and QI = {al | 
ae Q}. (RUD= {a+blla,be R} =N(R) andRI= {allae 
R}. For more about neutrosophy and the neutrosophic or 
indeterminate I refer [9-11, 13-4]. 

Let C(Z UTD) = {a + bI + ci + dlil a, b, c, de Z} denote 
the integer complex neutrosophic numbers or integer 
neutrosophic complex numbers. If in C (Z UT) =a=c=d=0 
then we get pure neutrosophic numbers ZI = {allae Z}. Ifc= 
d = O we get the neutrosophic integers {a + bI | a, b € Z} = 
N(Z). If b = d = O then we get {a + ci} the collection of 
complex integers J. Likewise P = {dli | d € Z} give the 


collection of pure neutrosophic complex integers. However dl 
that is pure neutrosophic collection ZI is a subset of P. Some of 
the subcollection will have a nice algebraic structure. Thus 
neutrosophic complex integer is a 4-tuple {a +bI + ci+ dli la, b, 
c,d € Z}. We give operations on them. Let x =a+ bl +ci+dli 
and y=m+nl+si+tlibeinC(ZUD). Nowx+y=(a+bl+ 
ci + dli) + (m+ nil + si+ th) =(a+m)+(b+n)1+(c+s)it+ 
(d+t)li. 

(We can denote dli by idI or ild or lid or dil) we see x + y is 
again in C((Z U1)). We see 0! = 0 + OI + 0i + Oli acts as the 
additive identity. 

Thus 0} +x =x+ 0} =x for every xe C(Z UN). 


In view of this we have the following theorem. 


THEOREM 1.1: C((Z Ul) = {a + bI+ ci + idl | a, b, c,d € Z} 
is integer complex neutrosophic group under addition. 


Proof is direct and hence left as an exercise to the reader. 

Let x =a+bl+ci+idl andy =m+nl+ti+t isl be in CZ 
UT). To find the product xy = (a+ bl + ci + idl) (m+nlI + ti 
+ isl) = am + mbI + mci + imdI + anl + bnI + ncil + indI + ati+ 
ibtl + cti? + ’tdI + iasI + ibis + i’csI + i'dsI (using the fact ? =I 
and i’ =—1). 

= am + mbI + mci + imdI + anl + bniI + incl + indI + iat + 
ibtI — ct — td] + iasI + ibis — csI — dsI 

= (am — ct) + (mb + an + bn — td —cs — ds)I + 1 (me + at) + 
i(md + nc + nd + bt + as + bs)I. 

Clearly xy € C (Z UD). 


Now 1} = 1 + OL + Oi + iOI acts as the multiplicative 
identity. For x 1} = 1) x =x for every x e C((ZUD). Thus C 


(<Z U I)) is a monoid under multiplication. No element in C ((Z 
UD) has inverse with respect to multiplication. 
Hence without loss of generality we can denote 1! by 1 and 


0! by 0. 


THEOREM 1.2: C((Z UL)) is a integer complex neutrosophic 
monoid or integer neutrosophic complex monoid commutative 
monoid under multiplication. 


Proof is simple and hence left as an exercise to the reader. 

Also it is easily verified that for x, y,zé€ C (Z UT) 

X.(y+z) = x.y+x.z and (x+y)z = x.z + y.z. Thus product 
distributes over the addition. 

In view of theorems 1.2 and 1.1 we have the following 
theorem. 


THEOREM 1.3: Let S = (C ((Z UD), +, x); = fa + bI + ci + idl 
where a, b, c, d € Z}; under addition + and multiplication x is a 
integer neutrosophic complex commutative ring with unit of 
infinite order. 


Thus S = (C (Z UD), +, X) is a ring. S has subrings and ideals. 
Further C ((Z U I)) has subrings which are not ideals. This is 
evident from the following theorem the proof of which is left to 
the reader. 


THEOREM 1.4: Let C ((Z U I)) be the integer complex 

neutrosophic ring. 

i) nZI CC((Z UL)) is a integer neutrosophic subring of C((Z 
UT)) and is not an ideal of C((Z UI)) (n = I, 2, ...) 

ti) nZ CC ((Z UT)) is an integer subring of C ((Z UL)) which 
is not an ideal of C ((Z UI)), (n = 1, 2, ...) 

iii) Let C (Z) = {a+ ibla,b €Z} CC((Z UL)), C(Z) is again a 
complex integer subring which is not an ideal of C((Z UTI)). 

iv) LetS = {a+ bl +ic+idl\a,b,c,dé€nZ;2<n< oo} CC 
((Z UI). 
S is a integer complex neutrosophic subring and S is also an 


ideal of C ((Z UTL)). 


The proof of all these results is simple and hence is left as an 
exercise to the reader. 

We can define ideals and also quotient rings as in case of 
integers Z. 


Consider J = {a + bi+ cl + idl 1a, b,c, de 2Z} CC (ZU 
I)) be the ideal of C ((Z UT)). 


C((ZUI)) 
J 


Consider ={J,14+J,i+J,i+J,1+J,1+i+J, 


1454+J, a+, l4ehJ, leHl+J, I4hHJ, ith, 
Lost, ths, itil+J, THl+J}. Clearly order of P = 
C(ZUI 
cqZul) ) is 2*. 

We sce P is not an integral domain P has zero divisors. 
Likewise if we consider S = {a+bi+clI+idI | a, b, c, d, € nZ} ¢ 
C (Z UD) S is an ideal of C (CZ UD). 


C(ZUI)) 
S 


C(ZUD) 


isn. 


Clearly is again not an integral domain and the 


number of elements in 


We can define different types of integer neutrosophic 
complex rings using C(Z U J). 


DEFINITION 1.1: Let C ((Z U I)) be the integer complex 
neutrosophic ring. Consider S = {(X}, ..., Xn) |x; € C ((Z UT); 
1 Si Sn}; Sis again a integer complex neutrosophic I Xn row 
matrix ring. The operation in S is taken component wise and we 
get a ring. This ring is not an integral domains has zero 
divisors. 


We will give some examples of them. 


Example 1.1: Let S = {(xX, X2, X3) | x, = a + bi + of + id | a, 
b, c, d: € Z; 1 < t < 3} be the integer neutrosophic complex 
ring. S has zero divisors, subrings and ideals. 


Example 1.2: Let V = {(X1, Xo,..., X12) |X, = a + ib, + cl + idl 
where a, b,, c,, d, € Z; 1 < t < 12} be the integer neutrosophic 
complex 1 x 12 matrix ring. V has zero divisors, no units, no 
idempotents, subrings and ideals. V is of infinite order. 
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DEFINITION 1.2: Let S = {(aj) | aj € C ((Z UD); 1 Si, j Sn} 
be a collection of n xn complex neutrosophic integer matrices. 
S is a ring of n Xn integer complex neutrosophic ring of infinite 
order and is non commutative. S has zero divisors, units, 
idempotents, subrings and ideals. 


We give examples of them. 
Example 1.3: Let 
M= 
a, a, 
be a 2 X 2 complex neutrosophic integer ring. M has subrings 


which are not ideals. 
For we see 


v= {9 


is a integer complex neutrosophic subring of M which is only a 
left ideal of M. Clearly N is not a right ideal for 


x O\fa b xa xb 
= éN 

ki : : 4 . 4 
a b)(x 0) /axt+by 0 
ce dj\ly 0 7 cx+dy 0 


is in N. Hence N is a left ideal and not a right ideal. 
Consider 


T=4/* % 
0 0 
is a subring but is only a right ideal as 


x y\fa b xatyc xb+yd T 
os (a 
0 O}\e d 0 0 
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sec (zuiptsisa} 


a,.b,€ o(zuip| cM 


However 


X,YE ez cM 


but 


a b)(x yj) (ax ay 
c dJ\0O 0) lex dy 
is not in T hence is only a right ideal of M. 


Example 1.3: Let 


a; € C((ZUI));1 Sis 16 


be a integer complex neutrosophic ring of 4 x 4 matrices. 
M is not commutative. M has zero divisors. 
1 0 0 0 


0 1 0 0 
0 0 1 0 
000 1 


in M is such that [4.4 is the multiplicative identity in M. 


Lix4 = 


Consider 
b, b, b, b, 
"Bebe. be 
P= b,e C(ZUI));1Sis10¢ CM 
0 -O. be- by 
Gr ae 0. Be 


is an integer complex neutrosophic subring which is not a left 
ideal or right ideal of M. 


Consider 
a 0 0 0 
a, a, 0 is 
T= a,€ C((ZUI));1Sis10; CM 
a, a, a, 
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is an integer complex neutrosophic subring only and not a left 
ideal or a right ideal of M. 


Now we can proceed onto define polynomial integer complex 
neutrosophic ring. 


DEFINITION 1.4: Let 


V= s a,x’ 


i=0 


wecr(zui))| 


be the collection of all polynomials in the variable x with 
coefficients from the integer complex neutrosophic integral ring 
C ((Z VU IL) with the following type of addition and 
multiplication. 

If p (x) = ao + ax +... + a,x" and q(x) = bo + bix +... + 
b,x" where a; b; € C ((Z UI)); 1 Si Sn; are in V then 
P(x) +g (x)= (do + ayx +... + Anx") + (Do + Dix +... + by x") 

= (ao + bo) + (ay + by)x +... + (Ay + by)x" © V. 


The 0 = 0 + Ox +... + Ox" is the zero integer complex 
neutrosophic polynomial in V. 
Now 


p(x) . q(x) = ao bo + (do b; + ay bo) X +... # An Dy X" 
isin C ((Z UL)). 1 = 1+ Ox +... + Ox" in Vis such that p (x). 1 
= 1. p (x) = p (x). 
(V, +, .) is defined as the integer complex neutrosophic 
polynomial ring. 


We just enumerate some of the properties enjoyed by V. 
(i) V is a commutative ring with unit. 
(ii) V is an infinite ring. 


We can define irreducible polynomials in V as in case of usual 
polynomials. 

p()= x’-2€ V wesee p (x) is irreducible in V. 

q (x)= x°—3 € Vis also irreducible in V. 

q (x)= x? _5 is also irreducible in V. 

p (x) =x’ + 4 is irreducible in V. 
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Thus in V we can define reducibility and irreducibility in 
polynomials in V. 


Let p(x) € V if p(x) = (Kk — a)) ... (® — a) Where aj € C(ZU 
I)); 1 <i <t then p(x) is reducible linearly in a unique manner 
except for the order in which a;’s occur. 


It is infact not an easy task to define relatively prime or 
greatest common divisor of two polynomials with coefficients 
from C (Z UD). For it is still difficult to define g c d of two 
elements in C (Z UI)). 

For if a= 5 + 3] and b = (7 + 5D) wecan say gcd (a, b) = 1, 
ifa=3 +1i1-4I and b = 4i — 2I then also g c d (a, b) =1. 

Ifa = 3 + 31+ 61 + 9il and b = 121 + 181 + 24 then gcd (a, 
b) = 3 and so on. 

So it is by looking or working with a, b in C (Z U TD) we 
can find gcd. 

Now having seen the problem we can not put any order on 
C («Z UJ). For consider i and I we cannot order them for i is 
the complex number and I is an indeterminate so no relation can 
be obtained between them. Likewise 1 + i andI and so on. 

Concept of reducibility and irreducibility is an easy task but 
other concepts to be obtained in case of neutrosophic complex 
integer polynomials is a difficult task. 

Thus 


CZ UI)IxX] = {ax 


a, ¢ C((Q u1)| 


is a commutative integral domain. Let p(x) and q(x) € C(Z U 
T))[x], we can define degree of p (x) as the highest power of x 
in p(x) with non zero coefficients from C((Z U I)). 
So if deg(p(x)) = n and deg q(x) = m and if n < m then we 

can divide q(x) by p(x) and find 

GO) = 4 8). 

p(x) p(x) 
where deg s(x) < n. 
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This division also is carried out as in case of usual 
polynomials but due to the presence of four tuples the division 
process is not simple. 

Z[x] CC (Z UD) [x] =S. Thus Z [x] is only a subring and 
Z[x] is an integral domain in C ((Z U I) [x] = S. Likewise ZI[x] 
c C («(Z U])) [x] is again an integral domain which is a subring. 

Consider P = {a + bI la, be Z} CC((Z UD) [x], P is again 
a subring which is not an ideal of C(Z U D) [x]. 

Also C (Z) = {a+ ibla, b € Z} is again a subring of C(Z U 
D(x]. 

Further 


CZ)[x] = p a,x’ 


i=0 


a, € ca| oC (ZU) [x] 


is only a subring of C ((Z U I)) [x] which is not an ideal. 
Likewise 


C(ZD[x] = {Zax 
i=0 


a,€C(ZD;a,=a+iba,be ZI} cS 


is only a subring of S and is also an ideal of S. 


Several such properties enjoyed by C ((Z U I)) [x] can be 
derived without any difficulty. 


We can also define the notion of prime ideal as in case of 
C(ZUD) [x]. 
Now we can also define semigroups using C ((Z U J). 


Consider 


lae C(ZUTD)); 1<isn} =H; 


H is a group under addition but multiplication cannot be defined 
on H. So H is not a ring but only a semigroup. Thus any 
collection of m x n matrices with entries from C ((Z U I)) (m# 
n) is only an abelian group under addition and is not a ring as 
multiplication cannot be defined on that collection. 
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We can replace Z by Q then we get C((Z U J)) to be rational 
complex neutrosophic numbers. Also C(Z U TD) c C(Q UT). 

CQ UTD) = {a + bi + cl + idI | a, b, c, d € Q} is a ring. 
Infact C ((Q UI) has no zero divisors. 


For if we take 
x=64 21- 31+ 4il 
and 
y=a+bi+cl+dil 
nC(KQUD). 
xy = (6421-314 411 (a+ bit+cl + dil) 
= 6a+2ai—3al + 4ail 
6bi — 2b — 3bil — 4bI 
6cI + 2cil — 3cI + 4 cil 
6dil — 2dI — 3dil — 4dI 
= (6a—2b)+I1(2a + 6b) + ~ 3a —- 4b + 6c — 3c — 2d—- 
4d)I + (4a — 3b + 2c + 4c + 6d — 3d) 
= 0 
6a = 2b 2a + 6b =0 
b=3a a=-3b _ this is possible only when a = b =0 
3c -6d=0 c=2d 
6c + 3d=0 d=—-2c 
Soc=d=0. 


Thus a= b=c=d=0. But in general C((Q U J) is not a field. 
This field contains subfields like Q, S = {a + ibl| a, b € Q} 
C ((Q UT) contains also subrings. 
We can build algebraic structures using C ((Q U I)). We call C 
((Q U I) as the rational complex neutrosophic like field. C ((Q 
U I)) is of characteristic zero C ((Q U J) is not a prime like 
field for it has subfields of characteristic zero. 
C («Q U J)[x] is defined as the neutrosophic complex 
rational polynomial; 


CKQUD) [x] = {Zax 


a; € C(Q U ip} : 
C (Q UD) is not a field, it is only an integral domain we can 


derive the polynomial properties related with rational complex 
neutrosophic polynomials in C ((Q U J) [x]. 
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C((Q U JD) [x] can have ideals. Now consider T = {(Xj, Xo, 
wey &) 1 Xi E C CQ UD); 1 <i <n}; T is a rational complex 
neutrosophic | X n matrix. T is only a ring for T contains zero 
divisors but T has no idempotents;T has ideals for take P = {(x1, 
X2, X3, 0, ..., Ol xie CKQUD); 1 $i<3} CT is a subring as 
well as an ideal of T. 


T has several ideals, T also has subrings which are not 
ideals. For take S = {(X), X2, X3, ..., Xi) 1XiE CCKZUD); 1 Si 
<n} CT; S is a subring of T and is not an ideal of T. We can 
have several subrings of T which are not ideals of T. 


Now we can define M = {A = (aj) | A is an X n_ rational 
complex neutrosophic matrix with aj e C ((Q UD); 1 S<i,j <n} 
to be the n X n rational complex neutrosophic matrix ring. M 
also has zero divisors, units, ideals, and subrings. For consider 
N = {collection of all upper triangular n x n matrices with 
elements from C ((QUI))} CM; N is a subring of M and N is 
not an ideal of M. We have T = {all diagonal n x n matrices 
with entries from C ((Q UI))} CM; T is an ideal of M. 


All usual properties can be derived with appropriate 
modifications. Now if we replace Q by R we get C ((R U I)) to 
be the real complex neutrosophic ring. C ((R U J) is not a field 
called the like field of real complex neutrosophic numbers. 
C ((R U J) is not a prime field. It has subfields and subrings 
which are not subfields. 


All properties enjoyed by C((Q U 1) can also be derived for 
CRUD). WeseeC (RUD) > CKQUD)DC CKZUD). 


We construct polynomial ring with real complex 
neutrosophic coefficients and 1 X n matrix ring with real 
complex neutrosophic matrices. Likewise the n x n real 
complex neutrosophic matrix ring can also be constructed. The 
latter two will have zero divisors and units where as the first 
ring has no zero divisors it is an integral domain. 
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Now we have seen real complex neutrosophic like field, C 
(RUD). 


We proceed onto define vector spaces, set vector spaces, 
group vector spaces of complex neutrosophic numbers. 


DEFINITION 1.4: Let V be a additive abelian group of complex 
neutrosophic numbers. Q be the field. If V is vector space over 
Q then define V to be a ordinary complex neutrosophic vector 
space over the field Q. 


We will give examples of them. 


Example 1.5: Let 


a a, 
a; a, 
V= sla; a, |fa,eC(QUI));1Si<10 
a, ag 
Ay ayy 


be an ordinary complex neutrosophic vector space over Q. 


Example 1.6: Let 


m= {[? . 
ae: a, 


be the ordinary complex neutrosophic vector space over Q. 


a; € (quipasisa| 


Example 1.7: Let 


a, a, a3 
p= 
a So 


be the ordinary complex neutrosophic vector space over Q. 


a, € C((QUI));1Sis ; 


We can as in case of usual vector spaces define subspaces 
and basis of P over Q. 
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However it is pertinent to mention here that we can have 
other types of vector spaces defined depending on the field we 
choose. 


DEFINITION 1.5: Let V be the complex neutrosophic additive 
abelian group. Take F = {a + bila, b € O; i? =-1); if Visa 
vector space over the complex field F; then we call V to be 
complex - complex neutrosophic vector space. 


We will give examples of them. 
Example 1.8: Let 
V = a, a, a3 a, 
as a6 a, ag 
be a complex - complex neutrosophic vector space over the field 


F={a+b,la, be Q}. 
Take 


a, a, a, a 
W = 1 2 3 4 
0 0 0 0 
is a complex - complex neutrosophic vector subspace of V over 


F. Infact V has several such subspaces. 
Take 


W, = a, O O a, 
WO ae OO 
a complex - complex neutrosophic vector subspace of V over 


the rational complex field F. 
Suppose 


(: 0 0 ) 
W2= 
a, O a, O 


is a complex - complex neutrosophic vector subspace of V over 
F, 


a,¢C((QUI));1Sis ; 


s,e0(Quipitsis4| 


a; € o(quipasisa}c V, 


a,.a,€ (aun) cV 
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Consider 
W,= O a a, O 
0 0 O as, 
W; is a complex - complex neutrosophic vector subspace of V 
over F, 
Clearly 
V= W,UW2UW; 


= Ww), + W> + W3. 
Thus V is a direct sum of subspaces. 


A,»8>.4;€ (aurp} EV: 


Example 1.9: Let 

[ a, a, a, a, 

a; a, a, a, 

V=s)a ay a, a, |la,eC(QUIT));1si<20 


be a complex - complex neutrosophic vector space over the 
complex field F = {a + bila, b € Q}. V has subspaces and V 
can be written as a direct sum/ union of subspaces of V over F. 


Now we can define complex neutrosophic - neutrosophic 
like vector space or neutrosophic - neutrosophic vector space 
over the neutrosophic like field (QUI) or (RU I). 


DEFINITION 1.6: Let V be an additive abelian group of 
complex neutrosophic numbers. Let F = (Q UI) be the 
neutrosophic like field of rationals. If V is a like vector space 
over F then we define V to be a neutrosophic - neutrosophic 
complex like vector space over the field F (complex 
neutrosophic - neutrosophic vector space over the field F or 
neutrosophic complex neutrosophic vector space over the field 
F). 


We will give examples of this situation. 
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Example 1.10: Let 


V=4\a, a, |[a,eC((QUI)); 1Sis16 


16 


be a neutrosophic complex neutrosophic like vector space over 
the neutrosophic like field F = (Q U I). 


Example 1.11: Let 


a, € C((QUI));1 SiS 16 


a3 Aig Ais Ai6 


be a neutrosophic - neutrosophic complex like vector space over 
the neutrosophic like field (Q UI) =F. 


Take 


P, = a,eC((QUI));1Sis4> CV, 


Co 
ooo Oo 
ooo oO 


a a, 


P= a,¢ C((QUI));1 Sis 4/c V, 


oS oOo o © 
Oo mo & S&S 


oOo Oo 
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0 0 0 0 
P3 = ee a,¢ C((QUI));1Sis47 CV 
ty ay OL Oe | = i 
a, a, 0 O 
and 
00 0 O 
Py = ie aie a, C((QUI));1Sis4¢ CV 
0 0 a, al’ = 
0 0 a a, 
be subspace of V. 


Clearly V = P; + P2 + P3 + Py and P| m Pj = (0) if 1 #j, so V 
is a direct sum of subspaces of V over F= (QUT). 


Consider 
Feee 3G NO: Th; 
V pemedeae C(QUI));1<is6- CV 
— a.€ U oe ngs oe Cc Vv, 
O2 ig age “ORT 
0 O a, a 


Weal ee ee C(QuI)1<i<6} CV 
= a.€ Ul))s1S18 CY, 
: OF Oe: GF 

[20 20. -0;-a, 

eas 

O a, aa 
V3= 7 "9 "* tla EC(QUI)):1<i< 6+ CV, 
=, 9 0 ol (QUI) c 

0 0 0 0 
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0 0 a, 0 
Vi= a,e C(QUI));1SiS7> CV, 
a, a, a, a, 
0 0 0a, 
and 
ay O O a, 
V ie C((QUI));s1Si<7 Vv 
= a.€ Ub isis Cc 
TO Oy Oia 


a, a, a, O 


is such that V = V, U V2 U V3 U V4 U Vs but Vim Vj # (0) if 
i#j so Vis only a pseudo direct sum of the subspaces of V over 
F. Now we have defined neutrosophic complex - neutrosophic 
like vector spaces over the neutrosophic like field. 


We now proceed onto define special complex neutrosophic like 
vector space over the complex neutrosophic like field. 


DEFINITION 1.7: Let V be an abelian group under addition of 
complex neutrosophic numbers. Let F = C ((Q Uv I)) be the 
complex - neutrosophic like field of rationals; if V is a vector 
space over F then we define V to be a special complex 
neutrosophic like vector space over the complex neutrosophic 


rational like field F = C ((Q vu I)). 
We will give examples of them. 


Example 1.12: Let 


a5 


where aj € C((Q UJ); 1 <1 < 15} be the special complex 
neutrosophic like vector space over the complex neutrosophic 
like field of rationals C(Q U I)) =F. 
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It is easily verified V has subspaces. The dimension of V over 
Fis 15. 


For take 
-./0] [o][o 
0 . : 
1 0 : : 
1 
0 1 0/|0 
B = » |o 0 > gees 9 i Vv 
cal ee 0 0/|0 
Oy; }]: 1/|0 
0 
ace [9} [1 
is B is a basis of V over F. 
Example 1.13: Let 
a, a, a, a, 
V= 4a, a, a, a, ||a,eC(QuUI));1<is<12 


be a special complex neutrosophic like vector space over the 
fied F=C (QU J). 


Now we can define like subfield subspace of a vector space. 


DEFINITION 1.8: Let V be an additive abelian group of 
complex neutrosophic numbers. V be a special complex 
neutrosophic vector space over the complex neutrosophic like 
field 

F=C(QUI1)) = {at bit+cl + idl\a, b,c, d € Q}. 

Let W CV, Walso a proper subgroup of Vand K CF. K 
the neutrosophic like field (QU I) CC ((0 U I) = F. 

If W is a vector space over K then we define W to be a 
neutrosophic subfield complex neutrosophic vector subspace of 
V over the neutrosophic like subfield K of F. 


We will give examples of this situation. 
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Example 1.14: Let 


a, ay | fa; ¢ C((QUI));1 Si S15 


be a special complex neutrosophic vector space over the 
complex neutrosophic like field F=C (QU JD). 

Nothing is lost if we say neutrosophic field also for we have 
defined so but an indeterminate or neutrosophic field need not 
have a real field structure like a neutrosophic group is not a 
group yet we call it a group. 


Take 
| a, a, a, 
0 0 0 
W= 3/0 0 0 Jla,eC(QuI);lsis6 CV; 
G10) 0 
a, a; a, 


take K = (QU I) CF=C (QU J); W is a neutrosophic 
special complex neutrosophic vector subspace of V over the 
neutrosophic like subfield (QU I) of F=C (QU JD). 


Consider 
la, O Of] 
0 a, O 
M=3]0 0 a, |la,eC(QuI));lsi<5¢ cV 
a, O O 
0 a, O 


take K = {a + ibla,be Q} CF= CC(QU J) a complex 
subfield of C (Q U I). W is a special complex neutrosophic 
complex subvector space of V over the rational complex 
subfield K of F. 
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Suppose 


ais O!. ae 
0 a, O 
S=j]a, 0 a;|/a,eC(QuI));lsis8} CV. 
0 a, O 
a, O a, 


Take QcCC (QU JD) =F the field of rationals as a subfield of 
F. S is a ordinary special neutrosophic complex vector subspace 
of V over the rational subfield Q of F=C (QU J). 

All properties can be derived for vector space over C ((Q U I)). 


It is interesting to see that only these special neutrosophic 
complex vector spaces has many properties which in general is 
not true over the usual field Q. 


THEOREM 1.5: Let V be a special neutrosophic complex vector 
space over C ((O UI)). V has only 2 subfields over which vector 
subspaces can be defined. 


When we say this it is evident from the example 1.14, hence left 
as an exercise to the reader. 


THEOREM 1.6: Let V be an ordinary neutrosophic complex 
vector space over the field Q. V has no subfield vector subspace. 


Proof easily follows from the fact Q is a prime field. 


THEOREM 1.7: Let V be a neutrosophic complex neutrosophic 
vector space over the neutrosophic field (Q U I) = F. V has 
only one subfield over which vector subspaces can be defined. 


THEOREM 1.8: Let V be a complex neutrosophic complex 
vector space over the rational complex field F = {a + ibla, be 


Q}. V has only one subfield over which subvector spaces can be 
defined. 


26 


Proof follows from the fact Q c F. 
We see 


Qe(Qu NEC(QY JD), 
QcCQ={atibla, be Q}CC(QU NP). 


These spaces behave in a very different way which is 
evident from the following example. 


Example 1.15: Let 


a, a, a, 
Ve=sla, a, a, lja,eCKQuUD);1sis9 
a, ag ay 


be a special complex neutrosophic vector space over the 
complex neutrosophic like field F=C (QU J)). 

It is easily verified V is of dimension 9 over F = C (QU 
I)). However V has special complex neutrosophic subspaces of 
dimensions 1, 2, 3, 4, 5, 6, 7 and 8. 

Now consider 


= 
| 
So 
© 
=) 


a,eC(QUD);1sis4; cV. 
0 O a, 


W is a special subfield neutrosophic complex neutrosophic 
vector subspace of V over the neutrosophic subfield (Q U I) of 
F. Clearly dimension of W over (Q U I) is not finite. Suppose 
W is considered as a special neutrosophic complex vector 
subspace of V over F = C (QU J)) then dimension of W over 
F is four. 

W as a Special complex neutrosophic complex vector 
subspace over the rational complex field K = {a + ibla, b € Q} 
€C (QU JD) which is also of infinite dimension over K. W as 
a special neutrosophic complex ordinary vector subspace over 
the rational field Q is also of infinite dimension over the rational 
subfield Q of F. 
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Consider 


a, O a, 
T= 5|0 a, O |ja,eQ1sis5? CV. 
a, O a, 


T is a special neutrosophic complex ordinary vector subspace of 
V over Q dimension 5. 
Clearly T is not defined over the subfield, (QU I) of C(Q) 


or C(QU J)). 


Consider 
0 a, O 
S=j/a, O a, }ja,e(QUD;lsis4- cV 
O a, O 


be a_ special neutrosophic-neutrosophic complex vector 
subspace of V over the neutrosophic rational subfield (Q U I). 
S is of dimension four over (Q U I). S is also a special 
neutrosophic complex ordinary vector subspace of V over the 
rational field Q and S is of infinite dimension over Q. Clearly S 
is not a vector subspace over C(Q) = {a + ib la, b € Q} or 


CQ(QU I). 


Consider 


ced 
foe) 

i) 
2 

wo 


ac) 
ll 
2 
2 
wn 


a, € C(Q) 
0 O a 


= {at+ibla,be Q}, 1 <i<6} CV, Pisa special complex 
neutrosophic complex vector subspace of V over the rational 
complex field C(Q) of dimension 6. P is also a special complex 
neutrosophic ordinary vector subspace over the field of rationals 
Q of infinite dimension. 

Clearly P is not a special complex neutrosophic complex 
vector subspace of V over (Q U I) or C (QU JD). As it is not 
defined over the two fields. 
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Thus we have seen several of the properties about special 
neutrosophic complex vector spaces defined over C ((Q U JD). 
We now proceed onto define the linear algebra structures. 


DEFINITION 1.9: Let V be a ordinary complex neutrosophic 
vector space over the rationals Q. If on Va product ‘.’ can be 
defined and V is compatible with respect to the product ‘.’, then 
we call V to be a ordinary complex neutrosophic linear algebra 
over the rational field Q. 


We provide examples of them. 


Example 1.16: Let 
V= {; 4 
a, a, 
be an ordinary complex neutrosophic linear algebra over Q. V 
is of infinite dimension over Q. V has linear subalgebras. It is 
interesting to notice V is also a vector space but all ordinary 


complex neutrosophic vector spaces over Q need not in general 
be linear algebras. 


a, € cqquostsisa| 


In view of this we have the following theorem. 


THEOREM 1.9: Let V be an ordinary neutrosophic complex 
linear algebra over the rationals Q, then V is an ordinary 
neutrosophic complex vector space. If V is an ordinary 
neutrosophic complex vector space over Q then V in general is 
not an ordinary neutrosophic complex linear algebra over Q. 


The proof is straight forward hence left as an exercise for the 
reader. On similar lines we can define neutrosophic - complex 
neutrosophic linear algebra over (Q U I), neutrosophic complex 
- complex linear algebra over C(Q) = {a + ib la, b € Q} and 
special neutrosophic complex linear algebra over C((Q U J)). 

We give only examples of them as the definition is a matter 
of routine. 
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Example 1.17: Let 


V= is ax 
i=0 


be a neutrosophic complex neutrosophic linear algebra over the 
neutrosophic field F= (QUI). 


a,E C((QU »} 


Example 1.18: Let M = {All 5 x 5 upper triangular matrices 
with entries from C ((Q U I))} be a neutrosophic complex 


neutrosophic linear algebra over the neutrosophic field (Q U I) 
=F 


Example 1.19: Let P = {all 10 x 10 matrices with complex 
neutrosophic entries from C((Q U J))} be a_neutrosophic 
complex neutrosophic linear algebra over the neutrosophic field 
F=QvuUD. M = {all 10 x 10 upper triangular matrices with 
complex neutrosophic entries from C((Q VU I))} Cc P is the 
neutrosophic complex neutrosophic linear subalgebra of P over 
the field F= (QU]). 


This space is of infinite dimension over (Q U I) =F. 
Example 1.20: Let 


P= pa ax 
i=0 


be a complex neutrosophic complex linear algebra over the 
complex rational field C(Q) = {a+ bila, be Q}. 


a, € cuqun| 


Example 1.21: Let 


a, a, a, a, 


So 
ia) 
wn 
2 
a 
2 
a 


a,€ C(ZUD);1<i<10 


oOo oO 
oOo Oo 
fe) 
oo 
o fp 
S Re] 


be a complex neutrosophic complex linear algebra over the 
rational complex field C(Q) = {a+ bila, b € Q}. 
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Example 1.22: Let M = {all 8 x 8 lower triangular complex 
neutrosophic matrices with entries from C ((Q U I))} be a 
complex neutrosophic complex linear algebra over the complex 
field C(Q) = {a+ bila, b€ Q}. 


Example 1.23: Let 


a a, a, 
T= j/a, a, a, |ja,eC@(QUD);1si1<9 
a, ag ay 


be an ordinary neutrosophic complex linear algebra over the 
rational field Q. 


Example 1.24: Let A = {all 10 x 10 upper triangular matrices 
with complex neutrosophic entries from the complex 
neutrosophic field} be an ordinary neutrosophic complex linear 
algebra over the field of rationals Q. 


Example 1.25: Let 


B= ps ax 
i=0 


a,e C(KK(QU D) 


be a special neutrosophic complex linear algebra over the 
neutrosophic complex field C (Q U I)). 


Example 1.26: Let 


a, 0) a, 
C=5)0 a, a, |ja,eCKQuUD);1si<6 
0 0 a 


be a special neutrosophic complex linear algebra over the 
neutrosophic complex field C (Q UTD). 


Clearly C is of dimension 6 over C ((Q U I)). We can derive 
almost all properties of vector spaces in case of linear algebras 
with simple appropriate modifications. 
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We can also define the notion of linear transformation and 
linear operators. 

We can define linear transformation T of neutrosophic 
complex vector spaces from V to W only if V and W are 
defined over the same field. Also T (I) = I is a basic criteria for 
the transformation for the indeterminancy cannot be mapped on 
to any other element. 


Likewise if W is replaced by V this linear transformation T of V 
to V becomes the linear operator. All properties associated with 
linear transformation and linear operators of neutrosophic 
complex vector spaces can be easily derived in case of these 
operators. 

We can now define the characteristic values and 
characteristic vectors as in case of complex neutrosophic vector 
spaces / linear algebras defined over the fields. 


DEFINITION 1.10: Let V be a_ special complex neutrosophic 
vector space over the complex neutrosophic field C ((Q UTL)). 
Let T be a special linear operator on V. A complex 
neutrosophic value of T is a scalar c in C ((OQ UL)) so that there 
is a non zero neutrosophic complex vector Ain V with Ta= ca 
If c is the special characteristic value of T then 
i) any @ such that Ta@ = ca@is called the characteristic 
neutrosophic complex vector of T associated with c. 
ii) The collection of all @ such that Ta = ca@is called 
the neutrosophic complex characteristic space 
associated with c. 
If the complex neutrosophic field C((Q UI)) is replaced by (Q 
U I) or C(Q) = {a + bi | a, b € Q} or Q we get the 
characteristic value c as neutrosophic number a + bI or c + di 
or a respectively and the associated characteristic space of 
them would be a neutrosophic complex neutrosophic subspace 
or complex neutrosophic complex subspace or ordinary 
complex neutrosophic subspace respectively. 


The following theorem is left an exercise for the reader to 
prove. 


32 


THEOREM 1.10: Let T be a complex neutrosophic linear 
operator on a finite dimensional special (ordinary or complex 
or neutrosophic) complex neutrosophic vector space V and let c 
be a scalar in C((Q U IT) (or @ or C(Q) or (OQ UTD) 
respectively), 
The following are equivalent 

i) cis the characteristic value of T. 

ii) The operator (T — cl) is singular. 

iii) det (T — cI) = 0. 


We can define diagonlizable linear operator as in case of other 
linear operator. Also we will show by an example how to find 
the characteristic polynomial in case of special (ordinary or 
complex or neutrosophic) matrices. 


Let 
a,+bitelI+dil a,+b,it+c,I+d,il 
~ fa,tb,itcl+dil a,+b,i+c,1+d,il |’ 


be a 2 X 2 matrix with entries over the field C ((Q U I)) such 
that the matrix (M — cI>,2) is non invertible. 


All results related with linear operators of special (ordinary or 
complex or neutrosophic) vector spaces can be derived as in 
case of usual vector spaces with simple appropriate 
modifications. 


Now we proceed onto define the concept of linear functionals. 
We can define four types of linear functionals. 

Let V be a special neutrosophic complex vector space over 
the neutrosophic complex field F = C(Q U I)). The special 
linear functional on V is a map (a linear transformation) f : V > 
F such that 

F(ca+f)=cf (a) +f (B) 
ape VandCe CKQUD). 


We will first illustrate this by an example. 
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Example 1.27: Let 


v= a; a, a, 

ra Pe 

be a special neutrosophic complex vector space over the 
neutrosophic complex field F = C((Q UJ)). 


a,e CK(QUD);1 Sis ; 


Define f : V > F by 


f a, a, 4a, 25. 
a, a5 a¢ i=0 


Clearly f is a special linear functional on V. 

If V is a neutrosophic complex neutrosophic vector space 
over the neutrosophic field K = (Q UI). We define f: V > K 
and f (v) € (Q UD) that is only neutrosophic number. 


Example 1.28: Let 


v=4)" |laeC(QUD):1<i<6 


be a neutrosophic complex neutrosophic vector space over the 
neutrosophic field (Q U I) = K. 
Define f : V > K by 


f - =(ayt+...+ ap) t+ (Cy +... + Cis 
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where a =ayt byl + cyl + id,,I 
a =ajyt byl + Cpl + 1djo1 


and a = ao + Dye + Cyl + idyol. 


Clearly 


f é =(ay +... tap) t(Cy t+... + Cio) 


a6 


is in (Q UJ) is a neutrosophic linear functional on V. 


Example 1.29: Let V = {(aj, a2, a3) lapse C (QUD); 1 <i <3} 
be a complex neutrosophic complex vector space over the 
rational complex field K = C(Q) = {a+ ibla, be Q}. Letf: V 
— K defined by f (a), a2, a3) = (ai) + ayz + aj3) + 1 (Oy, + Dy + 
b,3) where 


a; = ail + byit Cy1 4+ idyl 
a= ajo + byol + Cyl + idy2 I 
and a = ay34+ byl + Cpl + idy3I 


where aj;, bj, c,, and dj are in Q; 1 <j <3. 


Clearly f is a complex linear functional on V. Now we proceed 
onto give an example of a ordinary linear functional on V. 


Example 1.30: Let 


aj = at 1b); + cyl + id,,I 


where aj;, bij, Cii, di; € Q; 1 <i <3 and 1 <j <4} be an ordinary 
neutrosophic complex vector space over the rational field Q. 
Define f : V > Q by 
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a, a, 
f = ay + ajo + A435 
a, ay 


f is an ordinary linear functional on V. 

Now having seen the definitions of linear functionals 
interested reader can derive all properties related with linear 
functionals with appropriate changes. We can now define set 
neutrosophic complex vector spaces, semigroup neutrosophic 
complex vector spaces and group neutrosophic complex vector 
spaces. Also the corresponding linear algebras. 


DEFINITION 1.11: Let V c C ((QUL)) be a proper subset of 
complex neutrosophic rationals. S Cc Q be a subset of S. We 
define V to a set complex neutrosophic vector space over the set 
S cQifforallv € Vands €S, vs and sv € V. 


We give examples of this situation. 
Example 1.31: Let 


V = {(ai, a2, a3), } a, a, |, 


as a6 


20 . 
Dax’ 


i=0 


a,eC((QUD);0Si< 20] 


be set vector space of neutrosophic complex rationals over Z C 
Q or set complex neutrosophic rational vector space over the set 
Z. 


Example 1.32: Let 
v= a, a,||O a, a, a, 
O; Byes OV 2-750 


1 <i<5} be a set complex neutrosophic vector space over the 
set S = {0, 1, 2, 3, 4, 12, 17, -5, -9, -23} <Q. 


ae CKQuD); 
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Example 1.33: Let 


a, 


s : a 
V= De Ae ati Aastes on); : ai € C(KQUD); 


i=0 
ayy 


0 <i < 20} be a set neutrosophic complex vector space over the 
set S = {0, -1, 1}. 


Now having seen examples of set neutrosophic complex vector 
spaces we now proceed onto define set neutrosophic complex 
vector subspaces of V over the set S. 

Let V be a set complex neutrosophic vector space over the 
set S. Suppose W c V and if W itself is a set complex 
neutrosophic vector space over the set S then we define W to be 
a set complex neutrosophic vector subspace of V over S. 


We will illustrate this situation by some examples. 


Example 1.34: Let 


3 
Was God 8)s| sae ae ai€ C(QUD));0si<5} 


i=0 


be set vector space of neutrosophic complex rationals over the 


set S = {0, 1}. 
Consider 
es 
0 
W = 4(0,a,,0),| a, |]a,,a,,a,¢€ C(QUI)); CV, 
0 
a, 
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W is a Set vector subspace of neutrosophic complex rationals 
over the set S ={0, 1}. 


Take 
es 
a, |, 
M = 4(a,,a8,,83),| a, ak aoe CC(ZUD) 
ay i=0 
as 


c C(K(Q UD); 0 <i <5} C V is a set complex neutrosophic 
vector subspace of V over the set S = {0, 1}. 


Example 1.35: Let 


a a, a; a a, A19 
25 
i a, as as ay, aio Ano 
V= ax : , 
i=0 Ay, Ago 39 
Ang Ano a3 a3) As. a4 


ai €é C ((Q UD); 0 <i < 40} be a set neutrosophic complex 
vector space over the set {—5, 4, 2, 1, 3, 8, 10,0} CS. 


Consider 
a, 42 At a, a a 
0 0 1 2 10 
if 6 0 0 O 0 
W=4>0ax', e. Geile 
i=0 : 

0 0 0 ay) Ano A539 
0 O 0 

a, a, a] - 


a, a € CKQUD); 0O< a, < 12, a; = 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 
21, 22, ..., 30} Cc V is a set neutrosophic complex vector 
subspace of V over the set S. 

Now as in case of usual set vector spaces we can derive all 
the related properties we can also define the notion of subset 
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neutrosophic complex vector subspace over a subset, which is 
simple and left as an exercise to the reader. 


We give examples of this structure. 


Example 1.36: Let 


a € C (QU JD); 1 <i < 16} be a set neutrosophic complex 
vector space over the set S = 3Z U5Z U7Z U 13Z. 


Consider 
, O a, O 
a, O a, : 
a, a, O O O a, O a, 
P= | 0 a, OO}, 
0 O a; a, a, O a O 
a, O a, 
O a O a, 


a € C (QUI); 1 <i < 8} CV; P is a subset neutrosophic 
complex vector subspace of V over the subset T = 3Z U 13Z c 
S. 


Also 
a 0 0 O 
a; ay 3 
0 0 0 0 O a, 0 O 
M= . 0 01, 
a, a, a, a, BOs 0 0 a, O 
0 0 0 a, 


ae C (QUD); 1 <i <4} CV, M is a subset neutrosophic 
complex vector subspace of V over the set T=3ZU5Z CS. 
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Example 1.37: Let 


a, a, 
29 
v= i {43 4 |}, a 
ad a;X , . . 2 ,(4,,45,43,a,) 
= ae eee 
Ay, AyD 


a € C (QUD); 0 <i < 29}be a set neutrosophic complex 
vector space over the set S = 3Z* USZU7Z". 


Consider 
a. 0 
a, 0 
20 
M= Sax] th : ; ,(a,,0,a,,0) 
0 0 
a, a, 


aie C (QU D); 0 <i < 20} C V; is a subset neutrosophic 
complex vector subspace of V over the subset T = {3Z* U 5Z} 
cS. Take 


la, 0 
a, O 
10 0 O/ja, O 
P= a,x’, of ,(0,0,a,,a, ) 
i=0 a, O}ja, O 
a, 0 
[as 90 


aie C((QUD); 0<i< 10} CV, is a subset vector complex 
neutrosophic subspace of V over the subset T = 7Z" c S. 

We can define set linear transformation, set linear operator 
and set basis of a set neutrosophic complex vector space over 
the set S, which is left as an exercise as it can be carried out as a 
matter of routine. We can also define special set neutrosophic 
complex vector space over the complex neutrosophic subset of 


C(QUI)). 
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Example 1.38: Let 


ay 
a; 
a; ay | | ay 
= } - 
ae, 72 
a, 
ag 


be a set neutrosophic of complex neutrosophic vector over a set 
S= {1,i, 14], 3i- 1, 21+1+51 + 181} c C(Q UD). We observe 
S ZQso we call such vector spaces as special set vector spaces. 


DEFINITION 1.12: Let V be a set vector space of complex 
neutrosophic rationals (set complex neutrosophic rationals 
vector space) over a set S CC ((O UIL)) and S ZO then we 
define V to be a special set vector space of complex 
neutrosophic rationals over the set S if vs and sv € V forall s € 


Sand v € V. 


& iS) 
an 


2 


a,e C(K(QUD):1 51 <9 


We will illustrate this by some examples. 


Example 1.39: Let 


a, € CCQ UD):1 < i<14} be a special set complex neutrosophic 
rational vector space over the set S =C (Z UD) ¢C K(QUD). 


Example 1.40: Let 


ay ay a; 
M=5|a, a; a, 
a, a a 
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a 


14 


a; 
oo 


ai € C(Q UT); 1 <i < 18} be a special set neutrosophic 
complex vector space over the set S = C((3Z UD) c CCQ UD). 


Example 1.41: Let 
V = 4 (a,,4,,--,8,),] 45, a a, ag Bee 6 
ai € C(Q U JD); O < i < 12} be a special set complex 


neutrosophic vector space over the set C((3Z U J). 


Example 1.42: Let 


a, a, 
a, ay] a, a, 
a, a, a; 
M= a. a ax ja, a 
’ 5 6 |? i > 3 4 
a, as a. i=0 
ay As as Ag 
[Aq Ai | 


a € CQ U JD); 0 < i S 25} be a special set complex 
neutrosophic vector space over the set S = {C((5Z U T)) U 
C(13Z U D)}.Take 


uu _|a, O a 
P= ne ae 1 2 ; 
Pa F a, | 


P is a special set neutrosophic complex vector subspace of V 
over S. Consider 


e0eQuiorosisin| c V, 


0 a, 
ay Os. a, O 
W=;5/0 a, ak 0 a;,}|| ae CK(QUD);08i< 20} 
a, O me ai 
0 a, 
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c V, W is a special set complex neutrosophic vector subspace 
of V over the set S. 
Consider 


0 O 


ees a ee 


B=4/0 O}/0 0}, Xax']ae C(QUD); 


0<i<5} CV, take T = {C (25Z UD) UC(W39Z UD)} CS; 
we see B is a special subset complex neutrosophic vector 
subspace of V over the subset T of S. 


Now having seen examples of special set subspaces and 
special subset vector subspaces of complex neutrosophic 
rationals we proceed onto define the notion of semigroup 
complex neutrosophic vector space and special semigroup 
complex neutrosophic vector space. 

Just we mention in case of special set neutrosophic complex 
vector space also one can define special set linear 
transformations provided both the special set vector spaces are 
defined over the same set of complex neutrosophic numbers. 
Further the basis, direct sum of subspace and other properties 
can be easily derived as a matter of routine. All these work is 
left as exercises to the reader. 


DEFINITION 1.13: Let V be any subset of complex neutrosophic 
numbers and S be any additive semigroup with zero. We call V 
to be a semigroup neutrosophic complex vector space over S if 
the following conditions hold good. 


i) vs=svéVforalls eS andve V. 


ii) 0.v = 0 € Vfor allv € Vand 0 € S; 0 € Vis a zero 
vector. 


ili) (Ss; + S52) V = sv + Sov forall s}, 5. € Sandve V. 
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We will first illustrate this situation by some examples. 


Example 1.43: Let 


a, a, 
a a we «A 
1 2 10 
be Ag || Bye Ay 
V= 
a ’ ’ ayy aio ate Ang 
; Ba: 
ay, Ay) 439 
Ay ayo 


ai € C(Q UT)); | < i < 30} be a semigroup neutrosophic 
complex vector space over the semigroup S = Z* U {0}. 


Example 1.44: Let 


ai € C(Q U I); 0 < i < 40} be a semigroup neutrosophic 
complex vector space over the additive semigroup S = 5Z* U 


{O}. 


Example 1.45: Let 


ai € C (QUT); 1 <i < 10} be a semigroup neutrosophic 
complex vector space over the semigroup S = 2Z* U {0}. 
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Consider 


ay 
0 
0 
Ve if i {i a, 0 0 $] Al, 42, 43, Ao, Alp E 
0 O a, 0 00 O 
ay 
Lato 


C (Q UD} CP; Vis a semigroup neutrosophic complex vector 
subspace of P over the semigroup S. 


Also 
Be O a,//a, a, a, O O 
ila, Ofl0 0 0 a a, 


a, a € C (QU JD}c B is a subsemigroup neutrosophic 
complex vector subspace of P over the subsemigroup A = 8Z* 
U {0} of the semigroup S. 


Here also all properties of semigroup linear transformation of 
vector spaces can be obtained provided they are defined over 
the same, semigroup, semigroup linear operator and basis can be 
defined as in case of usual semigroup vector spaces. 


Example 1.46: Let 


a € C(Q UTD); 1 <i ¥< 15} be a semigroup complex 
neutrosophic vector space over the semigroup S = 3Z* U {0}. 
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Consider 


ae C(QUD);1<i< 4} CV, 


W2=4/a, a, a a, a,llae CKQUD);1 Sis I5}cV 


a 
W3=4). | {fae C(QUD); 1<is10}cV 


Ay Ayo 


be semigroup complex neutrosophic vector subspaces of V over 
the semigroup S = 3Z* U {0}. It is easily seen V = W,; + W2 + 
W; and Wi 7 W; = 6; 1 <i, j < 3. Thus V is a direct sum of 
semigroup complex neutrosophic vector subspaces of V over S. 
Let 
a, 09 O O as, 
a, ay 
Wi= } 0 0a, O O 
0 0 0 a, O 


aé C((QUD); 1S5i<4} CV, 


0 O 

a, a, a, a, a,||O O 
a, O 

W2= a, a a a, a,]| 0 O 
O a, 

Ay yy AZ Ay As 0 0 

a, a, 


ane C(CQUD); 1<is15}cV and 
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W3 = a, 0 ) as, a 
0 0 0 a, Offa, a, 
a a 


ae C(QUD); 1<i<10} CV; clearly W, + W.+W;3 = V 
and Wi 7 Wj # 6 if i 4#j; 1 <1, j <3. Thus V is only a pseudo 
direct union of subspaces. 

We define special semigroup complex vector as follows. 
DEFINITION 1.14: Let V be a semigroup neutrosophic complex 
vector space over the complex neutrosophic additive semigroup 
S. Then we define V to be a special semigroup neutrosophic 
complex vector space over the semigroup S. 


We will illustrate this situation by some examples. 


Example 1.47: Let 


a a, a3 


Ang Ax 439 
a € C(Q UD); 1 <i < 40} bea special semigroup neutrosophic 


complex vector space over the complex neutrosophic additive 
semigroup S = C ((3Z UJ). 


Example 1.48: Let 
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aie C(QUD); 0 <i < 45} be a special semigroup complex 
neutrosophic vector space over the semigroup under 
addition S = C(5Z U D)). 


Example 1.49: Let 


a a, 
D a4, a, 4; 
a, a, sie cokes 
M= ax, a, as a, |, . a, € CKQUD);,0 si 832 
i=0 
ay Ay As 
3; Az5 


be a special semigroup complex neutrosophic vector space over 
the neutrosophic complex semigroup S = C((10Z U I) under 
addition. 


Take 
6 a 4) a; 

V=,>.ax',)0 a, a, |la,eC(QUD);0<i<6> CM 
a 0 0 a, 


be a special semigroup complex neutrosophic vector subspace 
of M over the neutrosophic complex semigroup S. 
Take 


ha 
oo 


i | : 
P= >)ax') 2. |la,eC(QUD);0Si<16> CM 


a O 


be a special subsemigroup complex neutrosophic subvector 
space of M over the subsemigroup T = C ((40Z UT)) c S under 
addition. We can also write M as a direct sum of subspaces as 
well as a pseudo direct sum of special semigroup vector 
subspaces. 

Now we proceed onto define the notion of set linear 
algebra, special set linear algebra, semigroup linear algebra and 
special semigroup linear algebra using complex neutrosophic 
rationals. 
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DEFINITION 1.15: Let V be a set neutrosophic complex vector 
space over the set S. We define V to be a set complex 
neutrosophic linear algebra over the set S ifs (a+b) =sa+ sb 
foralla,b€Vands eS. 


We give examples of them. 


Example 1.50: Let 


a, ay . 
As : . {[a,e CKQUD);1 sis 14 


ai3 any 


be a set complex neutrosophic linear algebra over the set S = 
(5Z U 7Z). 


Example 1.51: Let 


m=: | 
ai. » By 


be a set complex neutrosophic linear algebra over the set S = 3Z 
UTZ U SZ. 


a,eC(QUD);1 Sis +x| 


Example 1.52: Let 


An oats. cies ais 
re | 
430 Ay Any 


be a set neutrosophic complex linear algebra over the set S = 5Z 
VU 2Z UV ITZ. 


we a, O a, .. a, O 
iad) eee Os 0 ere am 
C M is a Set neutrosophic complex linear subalgebra of M over 
the set S. Take 


R= i‘ ay ow “ 
b, b, .. b, 


a,€ C(QUD);1 Sis a} 


5835-5854 € caquny} 


a,.b,e C(Q 2») cM; 
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R is a set neutrosophic complex linear algebra over the set S = 
SZ U 2Z VU 17Z. 
Consider 


re a, O a, Oa, O.. a, O 
Tees Oe <a Ol? i. MOE Oa: sete. 10 


Cc M be a subset complex neutrosophic linear subalgebra of M 
over the subset T=5ZU2Z CS. 
Suppose 


ee oe eee 
OF 80> ee FQ 


B is a subset neutrosophic complex linear subalgebra of M over 
the subset R= 17Z CS. 


a,e C(QU))); 
13212 


a, € cqqumytsisi2} CM: 


Example 1.53: Let 


a, € C(QUD):1 <i $18 


be a set neutrosophic complex linear algebra over the set S = 


3Z* U {0}. 
Consider 
[a, a, a, 
0 0 0 
wi=d}"* 8 86}, ecuwQuDd)1<i<6 
0 0 olf% 
0 0 0 
lo 0 0 
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a proper subset of M, 


0 0 O 
a, a, a; 
0 0 O . 
W2= a,e C(QUD);1 51567 CM, 
4, “Bs. 7h 
0 0 O 
[0 0 0 
Or 0. O 
0 0 0 
0 0 0 
W3= a ae a,.a,,a,€ C(QUD)-; CM 
a, a, a, 
[0 0 O 
and 
[0 0 0 
0 0 0 
W,= oe a €EC((QUD);1$i<s3- CM 
O57 05° =O) | _ 
0 0 0 
a Bg.” ay 


be set neutrosophic complex linear subalgebras of M over the 
set S. 

Clearly M = W, + W2 + W3 + Wg, and Wj 7 W; = (0) if 143; 
1<i,j <4. Thus M is the direct sum of sublinear algebras of 
M. Now we can also define special set linear algebra of 
complex neutrosophic numbers. 


We will give only examples of them and their substructures as it 
is a matter of routine to define them. 


51 


Example 1.54: Let 


a, ayy ; 
V= a, Ee C(QUT));1 <i <18 


Ay Aig 


be a special set linear algebra of complex neutrosophic rationals 
over the set S =C ((Z UD). 


Example 1.55: Let 


a, a, aig 
M=4]a, a «+ Ar | [a € CKQU]));1 Sis 30 
cigs lig. daa gy 


be a special set neutrosophic complex linear algebra over the set 
S=C(3ZUD) UC (5Z UD). 


Example 1.56: Let 


a a, .. a 
Vv = 1 D, “| 
Ay, Ayn ws gy 
be a special set complex neutrosophic linear algebra of V over 


the set S =C (3Z UT) UC (5Z UD). 
Take 


Me a, a, O .. O a, 
a, a; O .. O a 
c V be a special set complex neutrosophic linear subalgebra of 
V over the set S. 


a,eC(QUD);1 sis 0 


a,e C((QUD));1 Sis ; 


52 


Consider 


a a, a, Ag 
0 0... O 


be a special set complex neutrosophic linear subalgebra of V 
over S. 
Take 


ie {° i a 
a, a... O 
and subset T= C ((3Z UT)) cS. 
A is a subset special neutrosophic complex sublinear algebra of 
V over the subset T = C((3Z UD) cS. 
Having seen examples of substructures in case of set special 
neutrosophic complex linear algebra over the set S, we now 


proceed onto give examples of semigroup complex neutrosophic 
linear algebras and their substructures. 


a,€ cqquontsisao} cV, 


a,€ ccquontsisao} cV 


Example 1.57: Let 
V= sla, a, a, |ja,eC(QuUD);1sis9 


be a semigroup linear algebra of complex neutrosophic numbers 
over the semigroup S = Z* U {0}. 


Example 1.58: Let P = {all 10 x 10 neutrosophic complex 
numbers from C ((Q U I))} be a semigroup neutrosophic 
complex linear algebra of complex numbers over the semigroup 
S$ =5Z. 

Clearly V = {all 10 x 10 upper triangular neutrosophic 
complex numbers with entries from C (Q U I))} Cc P is a 
semigroup neutrosophic complex linear subalgebra of P over S. 

Take W = {all 10 x 10 diagonal neutrosophic complex 
matrices with entries from C ((Q U I))} Cc P; W is a 
subsemigroup complex neutrosophic linear subalgebra of P over 
the subsemigroup T = 15Z, a subsemigroup of 5Z = S. 
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Example 1.58: Let 


a ay ag a Ag |e CKOuD) 141515 


Ay yy 3 Ay As 


be a semigroup complex neutrosophic linear algebra over the 
semigroup S = 2Z. 
Let 


M=4/0 0 0 0 O Jja,eCKQUD);1sis10 


a6 4, Ag Ay aAyy 


Cc V be a semigroup complex neutrosophic linear subalgebra of 
V over S = 2Z. 


0 0 0 0 0 
Mo=4/a, a, O O O]fa,.a,eCKQUD); CV, 
0 0 0 0 0 


is a semigroup complex neutrosophic linear subalgebra of V 
over S = 2Z. 


00 0 0 O 
M3=,4/0 0 a, a, a,]|/a,,a,eCQ(QUIT)); CV 
0.0 0 0 0 


is a semigroup complex neutrosophic linear subalgebra of V 
over S = 2Z. 


We see V = W; + W2 + W3 where Wi mM Wj = (0), 1 Si, 


j <3. Thus V is a direct sum of semigroup linear subalgebras of 
complex neutrosophic numbers over S = 2Z. 
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a, a, O O 
M,=,|/0 0 0 0 
[0 O O a, 

Iku Oi ee 
M2=,/0 a, 0 0 
la; O O O 

Re. SOs Oh vais, 

M; = a, as 0 0 
lag a, O O 

QO aa, a, 

My= 4]a, a, a, 
0 0 a O 

a 0 O O 
Ms=;|0 0 a, O 
a, a; O 


0 
a,eC((QUT));1Sis4 


ay 


ay 
0 
a6 
a; 
a,e C(QUD);1Si<7 


a,€ couse CV, 


0 
a, |la,eC((QUD);1<i<8! CV, 
0 
a, 
a, ||a,e C(QUD);1Si<6$ CV 


be semigroup complex neutrosophic linear subalgebras of V 


over the semigroup S. 


We see 


eye 
i=l 


but W; 7 W; # (0); if 1 4j, 1 <1, j <5. Thus V is the pseudo 


direct sum of 
subalgebras of V over S. 


semigroup 


complex neutrosophic _ linear 
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Example 1.60: Let 


A= 4/8, aA, 43 Ay a5 | la,e CKQUD);1 Sis 25 


be a semigroup neutrosophic complex linear algebra over the 
semigroup S = 10Z. 
Take 
ee. A iy, Oy 
O a, O a, O 
a, O a, O a, |la,eCKQUD);1sisl13? CA; 
O a O a, O 


ay, 0 15 0 413 


is a subsemigroup neutrosophic complex linear subalgebra of A 
over the subsemigroup 40Z = T of S = 10Z. 

We can have several such subsemigroup complex 
neutrosophic linear subalgebras of A over T c S. 


Now we give examples of special semigroup neutrosophic 
complex linear algebras and their substructures. 


Example 1.61: Let 


a Hy, ye ay 
ic WA hg 


a,e C(QUD);1 Sis 64 


a61 Aeo 63 Ao4 


be a special semigroup complex neutrosophic linear algebra 
over the semigroup C ((Z U J). 
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Example 1.62: Let 


Qi ig, ae PAG 
ff as Ag ve Any per 
M=j{) °°  "* lace C(QUD):1 SiS 60 
a5) Asp ee 60 


be a special semigroup neutrosophic complex linear algebra 
over the semigroup C ((Z U I)). 


Example 1.63: Let 


a,e C(QUD));3151516,+ 


be a special semigroup neutrosophic complex linear algebra 
over the semigroup S=C (Q UJ). 

We see V is of finite dimension and dimension of V is 16 
over S. 

Take M = {set of all 4 x 4 upper triangular matrices with 
entries fom C (Q uU I))} Cc V; V is a special semigroup 
complex neutrosophic linear subalgebra of V over S. 


Consider 
a O O O 
O a, O ; 
H= a,e C(QUD);1Si1<4; CV, 
0 O as, 
0 0 0 a, 


H is a special subsemigroup complex neutrosophic linear 
subalgebra of V over the subsemigroup T =C ((Z UD) CC ((Q 
UI). 
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Take 


a, a, 
wW,= Ay ely 
0 0 
0 O 


a,,a,,a,,a,€ C(QUD))- CV, 


SO 4S" 31S 
oo oOo O&O 


W, is a special semigroup of complex neutrosophic linear 
subalgebra of V over C (QU T)). 


W2= 


o Co 2 & 
ooo co 


0 O 

0 O 
W3 = 

a, ay 

a; a4 


is also a_ special 


> 


a, 


a,eC((QUD),1 sis 2? CV 


oo oO 


a,eC(QUD),1sis47 CV 


COO oS 
O° Om 


semigroup complex neutrosophic linear 


subalgebra of V over C (QU T)). 


Let 


W,= 


SS SS 
oS Co Oo 


a,,a,eC(QUD); CV; 


ooFoe 


be a special semigroup neutrosophic complex linear subalgebra 
of V over the semigroup S. 
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00 0 0 
0 0 
Ws= a,,a,eC(QuUI)); CV 
0 0a a, 
00 0 O 


be a special semigroup neutrosophic complex linear subalgebra 
of V over the semigroup S. 

Clearly W, + W2 + W3 + W4+ Ws 4 V with W; 7 W; = (0); 
14j; 1 <1,j<5, but still V is not a direct sum of subspaces. On 
the other hand suppose we add the special semigroup complex 
neutrosophic linear subalgebra. 


0 


=) 


Wo = a,,a,eC((QUD); CV, 


oo oo S&S 
oo 


a, a, 


then V = W,; + Wo + W3 + Wa + Ws + We and Wi 7 W; = (0) if 
i4#j, 1Si,j <6. 
Thus V is a direct sum of subspaces. 


Example 1.64: Let 


- 
2 

i) 
2 

we 


a,e C(QUD);1 5159 


a, ag ay 


< 
ll 
© 
aN 
fe) 
un 
p 


be a special semigroup neutrosophic complex linear algebra 
over the neutrosophic complex semigroup S = C (QU 1D). 


2s; 4,6 COQUI)) eV; 
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a, a, O 
W2= a, 0 }la,eCKQuUD);1lsis4? CV, 
[0 O a, 
a, O a, 
W3=s/a, O a, }|ja,eCKQuUD):1sis5- cV 
0 O a, 
a O O 
and = W4=,|0 a, a, |ja,eC((QUD);1sis6- CV 
die He. He 


be the collection of special semigroup complex neutrosophic 
linear subalgebra of V. We see 


UK 


i=l 
and W; 7 W; # (0); if i #j, 1 <1, j <4, thus V is only a pseudo 
direct sum of subspaces of V. 


We can as in case of semigroup vector spaces define the notion 
of linear transformations of special semigroup complex 
neutrosophic linear algebras only if both these linear algebras 
are defined over the same complex neutrosophic semigroup. 
We can also define linear operator of special semigroup 
complex neutrosophic linear algebras over the semigroup of 
complex neutrosophic numbers. 

Further the notion of basis and dimension can also be 
defined. Now we proceed onto define the notion of group 
neutrosophic complex vector space and other related concepts. 


DEFINITION 1.16: Let V be a set of complex neutrosophic 
numbers with zero, which is non empty. Let G be a group under 
addition. 

We call V to be a group neutrosophic complex number 
vector space over G if the following conditions are true. 
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i. For every v € Vand g € Vgvand vg are in V. 
ii. O.v = 0 for every v € V, 0 is the additive identity of G. 


We give examples of them. 


Example 1.65: Let 
a 
a bl|b 
Vv = } ,(a, b,c, d) a,b,c,de C(QUD) 
Cc 
d 


be a group complex neutrosophic vector space over the group 
G=Z. 


Example 1.66: Let 


ay 
. y ,|a.]| fa, a, .. ag \la,eCKQuUD), 
= a,x, . ; 
He (Reggae in tee Bee O<si<21 
a4 


be a group complex neutrosophic vector space over the group G 
= 3Z. 


Example 1.67: Let 


6 4 ag . 
. ; . |fa,e CKQUD),1 sis 48 
Ags Age Agz Aggy 
be a group complex neutrosophic vector space over the group G 
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Example 1.68: Let 


ay 


2 a 
V= 3 >oax'|  |.(aya2,..a4g) [a; €CQ(QUD),0 Sis 20 
i=0 . 


aio 


be a group complex neutrosophic vector space over the group G 


Consider 


15 _|a .EC UD), 
H=} Sax! > /o(Osa,.0.a;,00..00) a,€ COQUD) 
i=0 


O<is<I5 
| 0 
Cc V; H is a group complex neutrosophic vector subspace over 
the group G=Q. 
Take 


12 
P= [Bele rtets tO) a,e C(QUD),0<i< | 


i=0 


Cc V; P is a group complex neutrosophic vector subspace of V 
over G. 


Example 1.69: Let 


‘i a6 a 4 a,] , 
V= a Be MeN ig Sg dia x! 
> 4 5 6 |? i 
ai, a> A569 i=0 
An 2s <A 


ai € C (Q UD); 0 <i < 20} be a group complex neutrosophic 
vector space over the group G = Z. 
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Consider 
a a a 
1 2 oe 10 
Ww, = | 
a, 1 ain 34 Any 


Wr=5/a, a, a, |ja,eCQ(QuUD),1sis9¢ CV 


a,e C(QUD), 1 S18 20} cV, 


and 


W3= [Sax 


i=0 


1.<c4Qu0,osis9} cV 


be group complex neutrosophic vector subspaces of V over G. 
Further V = W; + W2 U Wz; Wi A W; # (0); if i #j, 1 Sj 
<3. Let 


a) a, .. Ag |X i 
B= P 
{ 0 .. | San 


a, a, .. arg 
Bo = 
Ai, Ayn vee Ang 


a, € eqqunyosisio| cV 


a, € cqquyasisan| cV 


and 
Bi, ge 
1 2 3 
a, a, 0 .. O a, a | 
B3= Ja, a, ag one: 
a, a, 0 .. O ay = 
a, ag ay 


a € C (QU TD); 1 <i < 10} Cc V be group complex 
neutrosophic vector subspaces of V over the group G. 


Clearly V = B; U By UB;; Bi NB, 4 6; 1 <i, j <3, hence 
V is a pseudo direct union of subspaces. 
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We say a group complex neutrosophic vector space V over 
a group G is said to be a group complex neutrosophic linear 
algebra over the group G if V is a group under addition. We 
give examples of group complex neutrosophic linear algebra 
over group G. 


Example 1.70: Let 


28 ; 
V= [daw 


i=0 


a,e C(QUD),0Si1¢ | 


be a group complex neutrosophic linear algebra over the group 
G=Z. 


Example 1.71: Let 


V= { a, a, | 
a, a, a, 
be a group neutrosophic complex linear algebra over the group 
G = 3Z. 


a,eC(QUD),1 sis ; 


Example 1.72: Let 
a,e CK(QUI)), 1 <i <16 


be a group neutrosophic complex linear algebra over the group 
G=Z. 


a, O a, O 
0 a, O a, . 

W= a,eC((QUID)),1sis8- CV; 
a, O a, O 
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be a group neutrosophic complex linear subalgebra of V over 
the group G = Z. 


a 0 O O 
a, a, : 

M= a,eC(KQUD),1<i<10;> cV 
a, as a, 


a, ag ay ayy 


be a group neutrosophic complex neutrosophic complex linear 
subalgebra of V over the group G = Z. 


Example 1.73: Let 


a,€ C(QUD),1Si< 27 


be a group complex neutrosophic linear algebra over the group 
G=Z. 


Take 

[ a, a, a; 
0 0 O 

P\=4/0 O 0 jja,eCQKQUD),1sis3> CV, 
[0 0 0 
[0 0 0 
a, O 

P,= eds a, Ee C(<QuUI>),1Sis8; CV, 
a, 0 O 
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0 0 0 
0 a, 2 
O a, a, 
P3= 4/0 a, a, |la,eC(QUD),1<is6; CV, 
0 0 0 
[9 O O 
RO 208 af) 
0 0 O 
0 0 O 
Py= 4/0 O O}Ja,eCKQUD),lsis5;- CV 
0 a, O 
[9 a, O 
and 
[0 0 0 
0 0 0 
0 0 O 
Ps=4/0 0 O /la,eCKQUD),1l sis5- cV 
0 0 a, 
0 0 a, 


be group complex neutrosophic linear subalgebras of V over the 
group G. Now we have V = P; + Pz + P3 + Py + Ps and P; 1 Pj 
= (0) if i #j, 1 <i,j <5. Thus V is the direct sum of group 
complex neutrosophic vector subspaces P;, Po, ..., Ps; of V over 
G. 
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Example 1.74: Let 


° \la,e C(QUD),1Si<12 


Ai ay) aio 


be a special semigroup linear algebra of neutrosophic complex 
numbers over the complex neutrosophic semigroup S = C((Z U 
I)). Take 


a,e C(ZUD),1<Sis12-> CV, 


P is a special semigroup linear subalgebra of complex 
neutrosophic numbers over the neutrosophic complex 
semigroup S = C ((Z U I)). We see P cannot be used to find a 
direct sum of sublinear algebras however, P can be used in the 
pseudo direct union of sublinear algebras. 

Further we define special subsemigroup pseudo complex 
neutrosophic linear subalgebra of V. 

We say a proper subset T of V is a pseudo special 
semigroup complex neutrosophic linear subalgebra of V over 
the pseudo subsemigroup B of S if B is just a semigroup of reals 
and T is also only reals. 


We proceed onto give examples of this situation. 
Example 1.75: Let 


V= * a, 4 
Ay Big. Ay 


be a special semigroup complex neutrosophic linear algebra 
over the complex neutrosophic semigroup S = C (Z UD). 


a, € aCe 
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Let 
P= a, a, a; 
a4 a; ar 
P is not a special semigroup linear subalgebra over the 
semigroup S = C ((Z U J)), but P is a semigroup linear algebra 
over the semigroup Z = T. Then P is defined / called as the 


pseudo special semigroup of complex neutrosophic linear 
subalgebra over the pseudo subsemigroup T = Z. 


seQusisé| cV, 


Infact P is also a pseudo special semigroup complex 
neutrosophic linear subalgebra over the pseudo special 
subsemigroup M = 3Z* u {0}. 

Thus we have infinite number of pseudo special semigroup 
complex neutrosophic linear subalgebras over the pseudo 
special subsemigroups N of S. 


Now we can also have pseudo special neutrosophic semigroup 
linear subalgebras over the pseudo neutrosophic subsemigroup 
B of S. 

We will illustrate this situation also by examples. 


Example 1.76: Let 


ea {; | 
a, a4 
be a special complex neutrosophic linear algebra over the 


complex neutrosophic semigroup S = C (ZU D))}. 
Take 


W 2 ay a, 
a, a, 
be the pseudo neutrosophic subsemigroup special complex 


neutrosophic linear subalgebra of V_ over the pseudo 
neutrosophic subsemigroup B = (Z U I) of S. 


a,e C((QUD),1 Sis ‘ 


seQuDntsiss} cV 
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Now consider 
ree {; | 
a, a, 
be a pseudo special subsemigroup complex neutrosophic linear 
subalgebra of V over the pseudo neutrosophic subsemigroup 


(3Z U I) of the neutrosophic complex semigroup S. 
Consider 


We {; | 
a, a, 
N is a pseudo special subsemigroup linear subalgebra of 


neutrosophic complex numbers of V over the neutrosophic 
subsemigroup T= {3Z UI} cS. 


a,e C(ZUT)),1 <is4| 


a,€ coupnasisa| CV, 


We can have several such examples. The following theorem is 
sufficient to prove these. 


THEOREM 1.11: Let V be a special semigroup neutrosophic 
complex linear algebra over the complex neutrosophic 
semigroup S. 

1. Vhas pseudo special neutrosophic subsemigroup complex 
neutrosophic linear subalgebras over the pseudo 
neutrosophic subsemigroup of S. 

2. V has pseudo special ordinary subsemigroup complex 
neutrosophic linear subalgebra over the pseudo real 
subsemigroup of S. 


Example 1.77: Let 


a, a, 


a; ay 5 
V= : : a,e C(QUD),1 <i <16 


be a special semigroup complex neutrosophic linear algebra 
over the semigroup S = C (Q U J)). Clearly dimension of V 
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over S is 16; however if S is replaced by T=C (Z UTD) CS 
then the dimension of V over T is infinite. 


So we can have special subsemigroup linear algebras to be 
of infinite dimension even when the dimension of the special 
semigroup linear algebra is finite dimension over the semigroup 
S but of infinite dimension over the subsemigroup of S. 


Example 1.78: Let 


fae) 


ae C(QUI)) 


2 


xs 27 fF. 2 YY & 


fae) 


be a special semigroup linear algebra of complex neutrosophic 
number over C ((Q U I)). Dimension of V is one. 

Clearly V has no special semigroup linear subalgebras but 
V has pseudo ordinary special subsemigroup linear subalgebras 
and pseudo  neutrosophic special subsemigroup _ linear 
subalgebras. 


For 


ae C((ZUD))+ CV, 


ogo © © 


so 27 2 fF Pf 


is a pseudo neutrosophic subsemigroup linear subalgebra over 
the pseudo neutrosophic subsemigroup T = ( Z UT) C C(Q U 
T)). 


Likewise 


70 


a 
a 


a 
aEeZ 


so 2 fs. 2S & B® 


a 
a 
[a 
is a pseudo ordinary subsemigroup neutrosophic complex linear 
subalgebra over the pseudo ordinary subsemigroup B = Z CS. 
Thus we can say, V is a special semigroup neutrosophic 
complex linear algebra over S to be simple if it has no proper 


special semigroup neutrosophic complex linear subalgebra 
over S. 


Example 1.79: Let 


a 
aljlae C((QUI)) 
a 


be a special semigroup neutrosophic complex linear algebra 
over the semigroup S = C (Q UD). V is simple. However V 
has special subsemigroup complex  neutrosophic _ linear 
subalgebras M over the subsemigroup T = C(Z UTD) c C(K(Q 
UI)) =S where 


aaa 
M=,;/a a aljaeC((ZUD); CV. 
a 


Also we consider 


b b b 
N= 1b b bllaeC(3ZUD)} cV; 
b b b 


N is a special subsemigroup neutrosophic complex linear 
subalgebra of V over the subsemigroup B = {C (2Z UD)} CS. 
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DEFINITION 1.17: Let V be a ordinary (neutrosophic or 
special) semigroup complex neutrosophic linear algebra over 
the ordinary semigroup S (or neutrosophic semigroup or 
complex neutrosophic semigroup). If on V we can define a 
product and V is compatible with product (V is a semigroup 
with respect to another operation apart from addition) then we 
define V to be a ordinary (neutrosophic or special) semigroup 
double linear algebra over the ordinary semigroup S (or 
neutrosophic semigroup or neutrosophic complex semigroup). 


We will illustrate this situation by some simple examples. 


Example 1.80: Let 


fee} 


fats) 


6 1/4, € CKQUD),1sis9 


tae) 
x 

fa) 
oo 

fat} 
\o 


be a ordinary semigroup complex neutrosophic linear algebra 
over S = Z.  V is clearly a ordinary semigroup complex 
neutrosophic double linear algebra over S where S = Z. 


Example 1.81: Let 


P= {Zax 
i=0 


a; € ccqumy} 


be a ordinary semigroup complex neutrosophic double linear 
algebra over the semigroup S = 3Z* U {0}. 

We can define substructure, basis, linear operator and linear 
transformation which is just a matter of routine. 


We have the following interesting result. 


THEOREM 1.12: Every ordinary semigroup complex 
neutrosophic double linear algebra over the semigroup S is a 
ordinary semigroup complex neutrosophic linear algebra over S 
but however in general a ordinary semigroup complex 
neutrosophic linear algebra is not a double linear algebra. 
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For the latter part of the proof we give an example. 


Example 1.82: Let 


a, a, 
a, a, 

M=,/a, a, |la,e CKCQUD)):1 S110 
a, ag 
Ay Ai 


be an ordinary semigroup complex neutrosophic linear algebra 
over the semigroup S = Z* U {0}. Clearly M is not an ordinary 
semigroup complex neutrosophic double linear algebra over S. 


Example 1.83: Let 


V= % a,x’ 
i=0 


a,eC(K(QU »)| 


be an ordinary semigroup complex neutrosophic double linear 
algebra over the semigroup S = 3Z* U {0}. 
Consider 


M= ps aK 
i=0 


a; € cuzury| cv: 


M is also an ordinary semigroup complex neutrosophic double 
linear subalgebra of V over the semigroup S. 
Take 


20 ; 
P= {3 a;x' 
i=0 


P is only a pseudo ordinary semigroup complex neutrosophic 
double linear subalgebra of V over S or ordinary semigroup 
complex neutrosophic pseudo double linear subalgebra of V 
over S for on P product cannot be defined. 

This same concept of double linear algebra can be easily 
extended to the case of special semigroup complex neutrosophic 


a,<¢ C((Q u0)| cV; 
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linear algebras, complex semigroup complex neutrosophic 
linear algebras and _ neutrosophic semigroup complex 
neutrosophic linear algebras. The definition is a matter of 
routine so we give only examples of them. 


Example 1.84: Let 


M= p ax 
i=0 


a,e C((Q 1)| 


be a neutrosophic semigroup neutrosophic complex double 


linear algebra over the neutrosophic semigroup S = (Z U I). 
Take 


100 : 
P= ps a;Xx' 


i=0 


aie cuzu0y| cM; 


P is only a neutrosophic semigroup neutrosophic complex linear 
subalgebra which is not a double linear subalgebra of M. We 
call T a neutrosophic semigroup neutrosophic complex pseudo 
double linear subalgebra of M. Thus apart from double linear 
subalgebras we can also have pseudo double linear subalgebras 
of M. 


Example 1.85: Let 


a ay, 
a, a, . 

V= ‘ “ |1a,e CKQUD),1 Si $20 
Ain Ang 


be a complex semigroup neutrosophic complex semigroup 
neutrosophic complex linear algebra over the complex 
semigroup C (Z) = {a+ bila, be Z}=S. 

Clearly V is not a double linear algebra. 


Example 1.86: Let 


sft 


a,e C(QUD), 1 Sis ‘ 


74 


be a complex semigroup complex neutrosophic double linear 
algebra over the complex semigroup T = C (Q) = {a+ ibla, be 


xt a 


We see 
is only a complex semigroup complex neutrosophic pseudo 
double linear subalgebra of S over T. 

For we see if 


Oa Oc 
A= and B = 
b O d O 
0 al|/0O c ad 0 
AB= = é X. 
b O|}|/d O 0 be 


Hence X is only a pseudo linear subalgebra of S over T. 


wef 


be again a complex semigroup neutrosophic complex double 
linear subalgebra of S over the semigroup T. 
Let us consider 


a 0 
L= 
pel 
L is again a complex subsemigroup neutrosophic complex 
double linear subalgebra over the complex subsemigroup C (Z) 
={a+bila,be Z} CCQ)=T. 
Now having seen neutrosophic and complex double linear 


algebra. we now proceed onto give examples of special 
semigroup neutrosophic complex double linear algebras. 


a,be cqoun| cS 


in X then 


a,b,ce C(K(Q ¥») GS; 


a,be cqQun| cS, 
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Example 1.87: Let 


a, a, a; 
V=sl/a, a, a, |la,eC(QUD),1sis9 
a, ag ay 


be a special complex neutrosophic double linear algebra over 
the neutrosophic complex semigroup S = {C (QU ]))}. 


Consider 
a, 4, 4, 
A= 5/0 a, a, |ja,eCKQuI)),1sis6; CV, 
0 0 a 


A is a special complex neutrosophic double linear subalgebra of 
V over the complex semigroup S = {C (QU ]))}. 


Take 
0 O a, 
B=3|0 a, O/}ja,eCQ(QUD),1sis3- cV; 
a, O 0O 


B is a special neutrosophic complex pseudo linear subalgebra 
of V over S. 


For if 
Os) 0 va 0 0 »b 
x=|0 a, O}andy=|0 b, O| €B; 
a, O O b, 0 0 
0 0 a/]}|0 O b, 
xy=|0 a, 0}/0 b, O 
a, O O| |b, O O 
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ab, 0 0 
=| 0 a,b, O |¢B 
0 0 a,b, 


so B is only a pseudo linear subalgebra of V over S. 
Now consider 


a, O O 
L=,/a, a, 0 |/jJa,eCKQuUD),1sis6; CV, 
a, a; a, 


be a special subsemigroup complex neutrosophic double linear 
subalgebra of V over the special subsemigroup T = C ((Z U I)) 
CS; of S. 

Let 


a, ||a,eC(ZUD),1<is9$ CV 


be a pseudo special complex subsemigroup complex 
neutrosophic double linear subalgebra of V over the complex 
subsemigroup N = {(a + ib) 1a, be Z} CS, N a pseudo special 
subsemigroup of S. 


Let 
a, a, a; 
C=,/a, a, a,|ja,eQ(ZUD),1lsis9- cV 
a, ag ay 


be a pseudo neutrosophic special subsemigroup of double linear 
subalgebra of V over the neutrosophic subsemigroup E = 
{(ZUD} ¢ S, E is a pseudo neutrosophic special subsemigroup 
of V over S. 

We can define basis, special double linear transformation, 
double operator and so on as in case of usual semigroup linear 
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algebras in case of semigroup neutrosophic complex linear 
algebras. 
This task is also left as an exercise to the reader. 


Now we will proceed onto continue to define and work to group 
neutrosophic complex vector spaces / linear algebras. 


Example 1.88: Let 
; a, |ja,eC(QUD),1<is<12 
Ay Ay Ay, AyD 


be a group complex neutrosophic linear algebra over the group 
S=Z. 


Let 
Ga: gy Sig ay 

M=|a, a, a, a, ||a,eC(ZUD),1lsisl2- cV 
ay A19 ay; Ajo 


be a pseudo semigroup complex neutrosophic linear subalgebra 
of V over the semigroup T = Z* U {0} CZ. 

That is T is a Smarandache special definite group as it has a 
proper set which is a semigroup. We define a group 
neutrosophic complex linear algebra V to be a _ group 
neutrosophic complex double linear algebra if V is endowed 
with another operation product. 


We will illustrate this situation by some examples. 


Example 1.89: Let 


a, a, a, 
M=j/a, a, a, |ja,;eCQ(QUD),1<sis9 
a, ag ay 
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be a group neutrosophic complex double linear algebra over the 
group G = Q. We can find substructures of M. Clearly M is 
also compatible with respect to matrix multiplication. 


Example 1.90: Let 


a, € C(QUD), 151516 


43° Ay ys Ayg 


be a group neutrosophic complex double linear algebra over the 
group G=Q. 


Consider 


a, € C((ZUD),1 Si $16 


a13 Aig Ais die 


Cc V, M is a subgroup neutrosophic complex double linear 
subalgebra of V over the subgroup H = Z CQ=G. 


Take 
a, O O O 
0 a, O 

N= a,e C((QUD),1si<47 CV, 
0 O as, 


fo) 
oS 
So 


a, 


be a group neutrosophic complex double linear subalgebra of V 
over the group G=Q. 
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Let 


a, a, 0 0 

Ra te Oe SaGuiieied bey 
0 0 0 off” = 
0000 


L is also a group neutrosophic complex double linear subalgebra 
of V over the group G = Q. 
Let 


a,e C((QUD),1<i1< 47 CV 


oo fo O&O 
Oo © © © 
w 
a 


be a group complex neutrosophic linear subalgebra of V, infact 
a double linear subalgebra of V over G. 


For if 
0 0a b 0 O0ef 
0 0c d 0 0 ¢g h 
x= and y = EA 
0 0 0 0 0 0 0 0 
00 0 0 00 0 0 
then 
0 0aéib 00ef 0 0 0 0 
0 0cd 0 0 g h 00 0 0 
xy= x = : 
000 0 00 0 0 00 0 0 
0 0 0 0 00 0 0 00 0 0 


Thus A is a group complex neutrosophic double linear 
subalgebra of V over G. 
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Let 


00 0a, 

cal/? Oo Ol ecroumisieatey 
0 &. ov 61" = 
a, 0 0 0 


be group neutrosophic complex pseudo double linear subalgebra 
of V over the group G. For if 


0 0 0 a, 0 0 0 b, 
0 O a, O 0 0 b, O 
x= and y = 
O a, O O 0 b, O O 
a, 0 O O b, 0 O O 
are in C. 
Now consider the product 
0 0 0 a |]/0 O O b, 
0 0 a, O}}0 O b, O 
XY = 
O a; O O/}/0 b, O O 
a, 0 O O||b, O O O 
ab, 0 0 0 
b 0 0 
= aD, ec 
0 0 a,b, O 
0 0 0 a,b, 


So C Cc V is not a double linear subalgebra, hence C is only 
a group complex neutrosophic pseudo double linear subalgebra 
of V over G. 

Now having seen examples of them we can proceed on to 
define basis, linear operator, linear transformation, direct sum, 
pseudo direct sum as in case of semigroup neutrosophic 
complex double linear algebras. This task is left as an exercise 
to the reader. 
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We can define fuzzy neutrosophic complex groups, 
semigroups etc in two ways. For if we want to induct complex 
fuzzy number we see -1 = i’ so if product is to be defined we 
need to induct i’ = —1 but if we wish to work only with min max 
then we do in the following way. 

Let C [0,1] U [0,I])) = {a + bi + cl + idl where a, b, c, dé 
[0, 1]}, we define C (([0,1] U [0,I])) to be the fuzzy complex 
neutrosophic numbers. 

We define max or min operation on C (<[0,1] U [0,I])) as 
follows: 

Ifx=a+bi+cl+idl andy=m+ni+tl + isl are inC 
(([0,1] U [0,])); 
then 
min (x, y) min (a+bi+clI+idI, m+ni+tI+isI) 
min (a, m) + min (bi, ni) + min (cI, tl) + 
min(idI, isI). 


It is easily verified min (x, y) is again in C (<(0,1] U [0,I])). 
Consider x = 0.7 + 0.611 + 0.231 + i(0.08)I and y = 0.9 + 0.231 + 
0.1931 + i (0.7) in C [0,1] U [0,1])). 

Now min {x, y} = min {0.7 + 0.61i + 0.231 + i (0.08)I, 0.9 + 
0.231 + 0.1931 + I (0.7)1} 

= min {0.7, 0.9} + min {0.611, 0.231} + min {0.23I, 0.1931} 
+ min {i(0.08)I, I (0.7)1} 

= 0.7 + 0.231 + 0.231 + 1 (0.08)I. 


Thus {C (({0,1] U [0,I])), min} is a semigroup. Likewise 
we can define the operation of max on C (([0,1] U [0,I])) and 
{C [0,1] U [0,1])) max} is also a semigroup. These semigroups 
will be known as fuzzy neutrosophic complex semigroup. 


Now we define special fuzzy complex neutrosophic group, 
semigroup and ring as follows: 


DEFINITION 1.18: Let V be a ordinary semigroup neutrosophic 
complex vector space over the semigroup S. Let n be a map 
from V into C (({0,1] U [0,1])) such that (V, 7) is a fuzzy 
semigroup neutrosophic complex vector space or semigroup 
neutrosophic complex fuzzy vector space [ ]. 
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Likewise one can define for neutrosophic semigroup 
neutrosophic complex vector space, complex semigroup 
neutrosophic complex vector space, special semigroup 
neutrosophic complex vector space over the neutrosophic 
semigroup, complex semigroup and complex neutrosophic 
semigroup respectively the fuzzy analogue. Further we can 
define for set complex neutrosophic vector space and group 
complex neutrosophic vector space over a set and group 
respectively also the fuzzy analogue. 

Thus defining these fuzzy notions is a matter of routine and 
hence left as an exercise to the reader. 


We give examples of these situations. 


Example 1.91: Let 


a; ay a; 
V= sla, a, a, |la,eCQ(ZUD),1<is9 
dye ag Mag 


be a semigroup complex neutrosophic linear algebra over the 
semigroup S = Z. 
Let 9: VC [0,1] U [0,1)) 


us a, #Oif 
a; 
a,EZ 
ae if a, C(Z) 
a, a, a, a: 
#0 
NC ja, as a, |= I i 
a, ay a, as if a,e (ZUD) 
il : 
— if a,e C(ZUD) 
a, 


a, #0 


If a;=O then 1. If every a; = 0 then 
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y (A + B) 2 min (q (x), 1 (y)) 


where 
a a, a; b, b, »b, 
A=|a, a, a,|andB=/b, b, b, 
a, a, ay b, b by 


for every A, Be V and 9 (rx) 27 (x), re Z. 


Example 1.92: Let 


a, 


i ay : 
V=4>.ax') * |,).a95.849) [as €C(QUD),0 Si <10 
a 


i=0 3 


a, 


be a set complex neutrosophic vector space over the set S = 3Z 
U 2ZU SZ. 
Define n : V > C (<[0,1] U [0,1])) 


1 : 
_ if a; #0 
a; 
1 if a, =0 
ES if ia, #0 is complex 
aj 
7 (ai) = 
— if Ia; #0 is neutrosophic 
a; 
il wipes 
ae if ila,. 
a 
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with this stipulation (V, 1) is a set fuzzy complex neutrosophic 
vector space over Z. 

Our main criteria is to built the map 1 such that y7 G@) =i, 
y (I) = 1 and n GI) = il with this ordinary mapping n : V > 
C ({0,1] U [0,I))) we get the fuzzy complex neutrosophic 
structures. 


Now other way of defining fuzzy structures of complex 
neutrosophic elements is as follows. 


DEFINITION 1.19 : Let V = {(x;, ..., X,) | x; € C (0, 1] U0, 
I])), 1 Si Sn}; V is a fuzzy complex neutrosophic semigroup 
with min (or max) function. 

‘or’ used in the mutually exclusive sense. 


Example 1.93: Let V = {(X1, X2, X3) | xi € C ([0,1] VU [0,1])); 
1 <i < 3}, Vis a fuzzy complex neutrosophic semigroup under 
max. 


Example 1.94: Let 


xX, 
V= - x; € C (([0,1] v [0,1])); 1 <i< 10} 


Xi 


be a fuzzy complex neutrosophic semigroup under min function. 


Example 1.95: Let M = {all 10 x 3 fuzzy neutrosophic 
complex matrices with entries from C (<[0,1] U [0,I]))}. M 
under max (or min) is a semigroup. 


For if 
a, a, a, b, 2 3 
xX — a, 5 and Y _ b, 5 6 
Ang Ax A539 by. Doo D5 
be in M, 
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a 
min (X, Y)= min |} °, aap 


min{a,,b,} min{a,,b,}  min{a,,b,} 


min{a,,b,}  min{a,,b,} min{a,,b,} 


min{a,,,b,,} min{a,,,b,,} min{a,,,b,,} 


(If min is replaced by max still we get a semigroup). 


Example 1.96: Let 


a, a, a; 
V= sa, a, a, | fa, ¢ C(([0,1]U[0,I]));1<is9>. 
az ag ay 


V is a semigroup under max (or min). 


Now we can define only set semivector space over the set S. 


DEFINITION 1.20: Let V be a set of fuzzy complex neutrosophic 
elements. S = {0, 1} be a set; Vis a set semivector space over 


the set S if 
i) Forv éVands €S we have vs = sv € V. 
li) OV=O0EV. 
Ilv=avey, 


we define V to be a fuzzy neutrosophic complex semivector 


space over the set S. 


We will give examples of set fuzzy neutrosophic complex 


semivector space over the set S. 
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Example 1.97: Let V = {(X1, X2, X3, X4); 


xX, 
X, X, Xz] | Xo : 
X, Xs Xe ],]X3 |, >,a:X' | Xi aj © C (((0,1] U (0,1), 
xX, Xs Xo X4 = 

X5 


1<i<9;0 <j < 6} bea set of fuzzy neutrosophic complex 
elements. V is a set fuzzy neutrosophic complex semivector 
space over the set S = {0,1}. 


Example 1.98: Let V = {(X1, X2, ..., Xo), 


, xi, aj € C (([0,1] VU [0,1])), 


Xig Xo | L413 Ary As Aj 


1 <i < 20; 1 <j < 16} be a set fuzzy complex neutrosophic 
semivector space over the set S ={0, 1}. 


Example 1.99: Let 


where a; € C (<(0,1] U [0,I])), 1 <i < 60} be semigroup under 
max operation V is a set fuzzy complex neutrosophic semilinear 
algebra over the set S = {0, 1}. 
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Example 1.100: Let 


a7, Arg Ar Ago 


la; € C(([0,1] U [0,I])), 1 <1 < 80} be a set fuzzy neutrosophic 
complex semi linear algebra over the set X = {0, 1}. 


Now we can define substructures, basis, linear transformation 
and linear operator for these set fuzzy complex neutrosophic 
semivector spaces / semilinear algebras over the set S. 

This task is left as an exercise to the reader. 


DEFINITION 1.21: Let V be a set with elements from C (({0,1] 
U[0,I])) and S be a semigroup with min or max or product. We 
define V to be a semigroup fuzzy neutrosophic complex 
semivector space over S if the following conditions hold good; 
i) s.v € Vforallv € Vands ES. 
ii) 0.v=0€ Vforallv € Vand0e S. 


Example 1.101: Let 


a, 
aia a -E C(([0,1 0,T))); 
A > ead CAs ee ane (ONL 1p 
a; 4 : 1<i<20 
A9 


be a semigroup fuzzy complex neutrosophic semivector space 
over the semigroup S = {0, 1} under multiplication. 

Results in this direction can be got without any difficulty. 
Thus one can define structures on C (([0,1] UU [0,I])) but the 
scope is limited. However if we consider a map 7 : V > 
C (<{0,1] U [0,[])) we can have almost define all algebraic fuzzy 
neutrosophic complex structures without any difficulty. 
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Chapter Two 


FINITE COMPLEX NUMBERS 


We know i is a complex number where i =-lor v=, =i 
where —1 is from the set of reals. However here we define finite 
complex numbers in modulo integers which are in a finite set 
up. Through out this book Z, will denote the set of modulo 
integers {0, 1, 2, ..., n—1} and —-1 is (n—1), —2 = (n—2) and so on. 
Thus we use the fact —-1 = n—1 to define the finite complex 
modulo numbers. 


DEFINITION 2.1: Let C (Z,,) = {a + bir | a, b € Z,, ir is the finite 
complex modulo number such that iy = n-I,n < co} we define 


ip as the finite complex modulo number. C (Z,) is the finite 
complex modulo integer numbers. 


It is interesting to note that since finite values in Z, are 
dependent on n so also the finite complex number is also 


dependent on Z, for every n. 


We give examples of them. 


Example 2.1: Let C (Zz) = {ip, 1, 0, 1 + ip}. We see i; =-l= 
2-1 = 1. Also (ig + 1° = 1+ i? + 2ip = 141 = 0. C(Z,) is a ring. 
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Example 2.2: Let C (Z3) = {a + big la, b € Z3} = {0, 1, ip, 2, Zip, 


1 + ip, 2+ip, 2+ 2ip | if =-1=3-1=2} (ip =-4=-1=2 
Get+ 1)? = 14424 2ip 
= 14+2+ 2ip = 2ip (mod 3). 
(1+2ip) = 1+ (Zip)? + 22ip (mod 3) 
= 1+2+/ip (mod 3) 
= ip (mod 3). 
(2+igf”? = 4+ (ig) + 4ip (mod 3) 
= 44+2+ip 
= ig (mod 3). 
(Qip+ 2) = 4+ 8ip + (2ip)’ (mod 3) 
= 1+ 2ip +2 (mod 3) 
=  2ip (mod 3). 
We give the tables associated with C(Z2) and C(Z3). 
Multiplication table C(Z2). 
x 0 1 ip 1 +ip 
0 0 0 0 0 
1 0 1 ip 1 +ip 
1+ ip 0 ipt+ 1 ipt 1 0 
Table for C(Z3) 
x 0) 1 2 ip 2ip¢ lt+ip | 2+ip | 14+2ip | 2+2ip 
0 0 0 0 0 0 0 0 0 0 
1 0 1 2 ip 2ip ipt] | 2+ip | 142ip | 2+2ip 
2 0 2 1 2i¢ ip 2+2ip | 14+2ip | 2+ip | iptl 
l+ip 0 l+ip 242ip ipt2 2iptl 2ip 1 2 ip 
142ip | O | 142ip | 2Q+ip | iptl | 2ipt+2 2 2ip ip 1 
242ip | O | 24+2i¢ | I+ip | Zipt] | ipt+2 ip 2 1 2ip 


We see C(Z,) is a ring with zero divisor of characteristic two 
where as C(Z;) is a field of characteristic three and o(C(Z3)) = 9. 
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Example 2.3: Let C(Z4) = {a + big] a, b © Z4} = {0, 1, 2, 3, ig, 
2ip, 3ip, 14 ip, 2+ ip, 34ip, 142ip, 1431p, 2ip+2, 2ip+3, 31p+2, 
3ipt+3} is a complex ring of order 16. 


Example 2.4: C(Zs) = {a + big] a, b € Zs} = {0, 1, 2, 3, 4, ig, 
2ip, Zip, 4ip, ..., 4 + 4ip} is only a finite complex ring for (1 + 
2ir) (2 + ig) = 0 is a zero divisor in C(Zs). 


Example 2.5: Consider C(Z7) = {a + bipla, b € Z,} be the finite 
complex ring C(Z;) is a field. For take (a + big) (c + dig) = 0 
where a + big, c + dip € C(Z7) with a, b, c, de Z, \ {0}. 

(a + big) (c + dip) = 0 implies 


act+6bd = O (1) 

ad + be = 0 (2) 
(1) x a+ (2) x b gives 

a’ c+ 6bda =0 

b’c+bda =0 


(a+b) =0c#0 
this forces a” + b” = 0 in Z,. But for no a and b in Z, \ (0) we 
have a + b° = 0 so C(Z,) is a finite complex field of 
characteristic seven. 

We see C(Z;) is again a finite complex field of 
characteristic eleven C(Z)3) is not finite complex field only a 
ring for 9 + 4ip and 4 + 9ip in C (Zj3) is such that (9 + 4ig) (3 + 
Dir) = 0. 


In view of all these we have the following theorem which 
gurantees when C (Z,) is not a field. 


THEOREM 2.1: Let C(Z,) be the finite complex number ring. 
C(Z,) is not a field if and only if there exists a, b € Z, \ {O} with 
a+b =por a+b =0 (mod p) where p is a prime. 


Proof: Let C(Z,) = {a + big la, b € Z,, i: = p—1}. To show 
C(Z,) is not a field it is enough if we show C(Z,) has zero 
divisors. Suppose C(Z,) has zero divisors say a + bip and c + dig 
in C(Z,) (a, b, c, d € Z, \ {O}) is such that (a + big) (c+dig) = 0, 
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then ac + bdi? + (ad + bc) ip = 0 that is ac + (p—1) bd + (ad + 
bc) ip = 0 this forces 


ac + (p — 1)bd = 0 (i) 
and be + ad = 0 (ii) 
(i) X a + (ii) b gives 

ac+(p-l)bad = O+ 


b’c + bad = 0 
(since a, b, c, d are in Z, \ {O} and p is a prime, no item is zero) 
gives a°c + b’c = 0 that is 
c(a’+b’)=Oasce Zp \ {0} 
and c” exists as p is a prime. 
We see c (a’ + b’) = 0 is possible only if a” + b’ =0. 
Conversely if a? + b* = 0 than we have 
(a + big) (b+aip) = 0 
for consider, 
(a + big) (b + aig) = ab + (p—l)ab + (a°+b’) ip 
pab + (a*+b’)ip= 0 (mod p) 
as a, b € Z, and given a’ + b’ = 0. Thus C (Z,) has zero divisors 
hence C (Z,) is a ring and not a field. 


THEOREM 2.2: Let C(Z,) be the commutative finite complex 
ring, p a prime, C(Z,) is a field if and only if Z, has no two 
distinct elements a and b different from zero such that a’ + b’ = 
0 (mod p). 


Proof: Follows from the fact that if C(Z,) has no zero divisors it 
is a commutative integral domain which is finite hence is a field 


by [ ]. 


Now we will derive other properties related with these finite 
complex rings / fields. Let C(Z) = {a + bil a, b € Z} be the 
collection of complex numbers. 

Clearly C(Z) is a ring. 

Consider the ideal generated by 2 + 21, denote it by I. 

“ = {I,1+1Li1+I1,14+i1+]} 
where (1 + i)? + 1 = 2 + 2i+1=T as here i* = 1 (mod 2) and 
1+1=0mod2. 
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Now we denote it by ip and = C(Z,). Consider 3 + 3I € 
C(Z). Let J be the ideal generated by 3 + 31. 


C(Z) 
I 


ee = {J,14+J,24+J,i1+J, 2i+J,i+14+1,24+i1+], 
J=(3+3I) 


2i+14+J,2+2i+ J}. 


Here also 2 + 1 =0 (mod 3) and 21+ 1 = 0 (mod 3) further r 
= —1 = 2. We use i for ip for one can understand from the fact i; 
=n-1. So we can say 
C(Z 
= =C (Zs) 


where i;, = 2. Thus we get a relation between 

C(Z) 

J= (n + ni) 

We have in C(Z,) zero divisors, idempotents, nilpotent 
everything depending on n. 

We call C(Z,) when C (Z,) is a field as the complex Galois 
field to honour Galois. However for every prime p, C(Z,) need 
not in general be a complex Galois field. Here we give some 
properties about C(Z,), p a prime or otherwise. 

Consider 


C(Z,) and 


x=a+t bipe C(Z,) 
then xX =a+(n-1)ipb € C(Z,) 
is defined as the conjugate of x and vice versa. We see 
xX. X (a + ipb) (a + (n— 1)ip b) 
= a +ipab+(n- lig ab+(n- lb’ i? 
a +0+(n-1)b? 
a’ +b’, 


Recall if a” + b’ = 0 (mod n) then C(Z,) has a nontrivial zero 
divisor. We can add and multiply finite complex number using 


i; = (n — 1) if elements are from C(Z,). 
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Thus if x = a + ipb and y = c + ipd are in C(Z,) then 
X+y = (a+tipb) + (c+ ipd) 
= (a+c) modn+ ip (b+d) mod n. 
Likewise 
X.y = (a+ ipb) (c + ipd) 
= act+ipbct+ipdat i; bd 
= actipbct+ipda+t (n— 1)bd 
= (ac +(n-1)bd) (mod n) + ig (bc + da) (mod n). 
The operation + and x are commutative and associative. 

It is important to note they are modulo n integers and they 
are not orderable (n > 2) we can have for a + ib = x, x” exist or 
need not exist in C(Z,). For in C(Z,) we see x = 1 + ip € C(Z) 
and x"! does not exist as (1 + in = 0 (mod 2) 

Consider x = 3 + ip4 in C(Z;) we have y = 6 + if6 in C(Z;) 
such that xy = 1. 

Consider xy = (3+if4) (6+i6) 

= 18+ i, 24+ ip 18 + 24ip 

= 44+3ip + 4ip + 6 x 3 

=4+4+7ip+4 

=8+ Tip 

= | (mod 7) as Jig = 0 mod 7 and 8 = 1 
mod 7. 

Other properties of usual complex numbers are not true in 
case of finite complex modulo numbers. 

We can give a graphical representation of complex modulo 
integers in 3 layers. The inner most layer consists of real 
modulo integers makes as in the figure. 

The outer layer consists of complex modulo numbers, 
where as the outer most layer is the mixed complex modulo 
integer we represent the graph or diagram for C (Z,) 


1+i 
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The diagram for C (Z3) 


2i + 12 


2i+2 i+] 


The diagram for C (Z,) 


3+3i 


0 


o(C(Z,4)) = 16 and is a ring we can draw for any C(Z,); n= 2. 
We cannot do any plane geometry using these finite 
complex modulo integers but we can get several algebraic 
results on C(Z,); n= 2. 
Our main motivation to introduce these concepts is to 
introduce finite neutrosophic complex modulo number / 
integers. 


Just before we proceed to define these concepts, we define 
substructures in C(Z,); n = 2. 


DEFINITION 2.2: Let C (Z,) be the ring of finite complex 
modulo integer / numbers. Let H C C(Z,,) (n 22) if H itself is a 
ring under the operations of C(Z,). We call H a subring of finite 


complex modulo integers C(Z,,). 


We give some examples of them. 


95 


Example 2.6: Let C(Z,) be the ring of finite complex modulo 
integers C(Z,) = {a + bip 1a, b € Z} P = {0, Itip | f= 1} c 
C(Z,) is a subring of C(Zp). 


Example 2.7: Let C(Z3) = {a + bir | a, b € Z,}, be the ring. 
P= {1, 2,0} C C(Z) is a subring of C(Z3; P = Zs) is the ring of 
modulo integers three. We see i;= 2, so we cannot find a 
subring in C(Za). 

It is pertinent to mention here that for 2 € Z, is zero 2 € Z; 
is such that 2” = 1, 2 € Z, is such that 2” = 0, 2 € Zs is such that 
Veal (mod 7) and so on. 


Likewise ig is finite, iz = 1 (mod 2) , (ip)” = 2 (mod 3), (ig)” 
= 3(mod 4) and so on (ip) = (n-— 1) (mod n). 


Example 2.8: Let C(Z¢) = {a + bipla, b € Ze, i, =5},34+ 3ipe 
C(Zo); 


(3+3if? = 949i +2.37ip 
= 34+9x5 
= 343x5=343 
= 0 (mod 6). 


For 1 + ip € C(Z¢) we have 
(1+ip)’ = 1+ 2ip+ i, =1+2ip +5 = 2ig. 


We have an interesting theorem. 


THEOREM 2.3: Let C (Z2,) be the finite complex ring, p a prime 
p > 2. C (Zy) is a ring and (1+ig)? = 2ip. 


Proof: Consider (1+ip) = 14+2ip + iz = 1 + 2ip + 2p—l = 2ip as 
2p = 0. 

Now to show C (Zp) is a ring it is enough if we prove the 
existence of a zero divisor. Take p + pig in C (Zp), 

(p + iepy” = p (tir) 
p’ (ir) = 2p’. ip 

= 2p (pir) =0 (mod 2p). 

Thus C (Z,,) has zero divisors, hence C (Z»p) is a ring. 
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COROLLARY 2.1: Let C (Z,,) be any complex finite ring | field. If 
x= [tip € C(Z,) then x’ = 2ip. 


Proof: Consider 1 + ig = x € C (Z,), now 
(+ipy = 2412 +2ip = ltn-14+2ig 
= 2ip (mod n). 
Hence the claim. 
It is infact a difficult task to find subrings and ideals in 
C(Z,) where o(C(Zn)) =n”. 


Example 2.9: Let C(Z,) be the finite complex ring. I = {0, 2 + 
2igr} C C(Z4) is an ideal of C(Z4). P = {0, 1, 2, 3} c C(Z4) is 
only a subring of C (Z,) and not an ideal. We see S = {0, ip, 2ip, 
Zip} CG C (Zs) S is not even a subring only a set under 
multiplication as i; = 3. 

So in general we cannot get any nice algebraic structure 
using {0, ip, 2ip, 3 ig} = S; S can only be a group under addition 
and not even a semigroup under multiplication. 


THEOREM 2.4: Let C (Z,) be the ring, Z, CC (Z,) is a subring 
of C (Z,,) and not an ideal of C (Z,,). 


Proof is direct and hence left as an exercise to the reader. 


THEOREM 2.5: Let C (Z),) be the ring. P = {0, p + pir} © 
C (Z2)) is the ideal of C (Zz), p a prime. 


Proof: Let C (Zop) be the given ring, p a prime. Consider S = {0, 
p+ pir} c C (Z,). Clearly S under addition is an abelian group. 
Now 
(p+ pip) (at+bip) = ap+ap ip+ pb ip + pb (ip)? 

= ap+(ap+pb)ip+(p-—1) pb 

= p(a+(p— 1b) +p (a+b) ip. 

= p+p ip (mod 2p) 
(using simple number theoretic techniques). 


Example 2.10: Let C(Z2) = R be a complex ring of modulo 
integers. C(Zo6) = {a + ipb | a, b € Zy6}. Consider P = {0, 13 + 
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13i¢} <c R; to show P is an ideal of R. (P, +) is an additive 
abelian group. To show (P, x) is a semigroup (13 + 13 ip). 0 = 0, 
(13 +13 ip) (13 + 13ig) = 13° + 2.13.13i + 132. i; (ee = 25) 
13° + 13°. (25) 
13° (1425) 
137.26 (mod 26) = 0. 

Thus (P, +, X) is a ring. Consider (a + big) P; a, b € Zoe; if 
a = 3 and b = 5 both a and b odd in Z, then 
(3 + Sip) (134+13ip) =3 X 13 +5.13ip + 3.131 +5.13i7 (mod 26) 
39 + 104 i- + 1625 (mod 26) 
1664 + 104 ig (mod 26) 

= 0+ Oig (mod 26) € P. 

Now take a = 5 odd and b = 8 even. a+ ip-b=5 + 8ip nR 
(5 + 8ip) (13 + 13ip) 

= 6548 13ip + 13 ip.5 + 8.13 X 25 (mod 26) 

= 65+ 65 ip (mod 26) 
13 + 13i¢ (mod 26) 
Hence 13 + 13i¢ is in P. Hence the claim. 


Example 2.11; Let R = C (Z\;) be a complex modulo integer 
ring with i; = 10. Consider 5 + Sip in R. 
(S+5ig:? = 25+2.5°ip+5°. i2 (mod 11) 

= 3+ 6ip + 8 = Oip. 
It is interesting to see (a + aip)” is always a big only an 
imaginary or a complex modulo number further (6 + 6ip)” = 6ip. 


We have a nice interesting number theoretic result. 


THEOREM 2.6: Let R = C(Z,), p a prime be the ring of complex 
modulo integers ie = p—I, then 


(i) (a + aig)’ = big, b, a € Z, and 


(ii) (ee eet) (2), eee 
2 2 2 2 


The proof uses only simple number theoretic techniques hence 
left as an exercise to the reader. 


98 


Example 2.12: Let S = C(Zy) = {a + igb | a, b © Zo} be a 
complex ring of modulo integers. 
Consider 
X = 84 12ipe S,x’=(8 + 12ig” 
8° + 144 x 19 +28 x 12ip (mod 20) 
4 + 16 + 12ip (mod 20) 
12i¢ (mod 20). 
Thus if x =a + (20 —a) ip € C (Zs); then x” = (a + (20 — a)ip)” = 
a’ + (20 — a) x 19 + 2a (20 — a)ip (mod 20) 
a’ +a’ x 19 + (2 x 20a — 2a’) ip (mod 20) 
a’ (1 + 19) + cip (mod 20) 
0 + cip (mod 20); c € Zp. 


Inview of this example we have an interesting result. 


THEOREM 2.7: Let S = C (Z,) be a complex ring of modulo 
integers x = a + (n—a)ir € C (Z,) then x= bir for some b EZ, 
+2 

i, =n—I, 


Simple number theoretic method yields the solution. 


Example 2.13: Let C (Zi) = S be a modulo integer ring. 
Consider x = (6 + 6ig) in S, x” = 0 is a zero divisor in S. Take y 
= 3ip +9 © S,y°=9x 11 + 81 42.3.9i¢ = 99 + 81 + 54ip (mod 
12) = 6ip. a = 448i in S. 

a = 16+ 64x 11+2.4.8 ip= 4ir in S. 

If we consider b = 2+6ip in S, b’ = (2+6ip)” = 4 + 36 x 11 + 
2.2.6ip = 4 for 2.6 € Z)> is such that 2.6 = 0. If n = 3+8ip then Y 
= (3 + Sig =9 + 64 x 11 +2.3.8 ip= 5. 

Thus we see every xX = a + big in S for which a.b = 0 mod 12 
is such that x’ € Z,2 is a real value. 


THEOREM 2.8: Let R = C (Z,) be a ring of complex modulo 
integers (n not a prime). Every x = a + big in which a.b = 0 


(mod n) gives x to be a real value. 


Proof follows from simple number theoretic techniques. We see 
this ring S = C(Z,) has zero divisors, units and idempotents 
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when n is not a prime. Now we can use these rings and build 
polynomial rings and matrix rings. We will give examples of 
them. Let S = C(Z,) be a complex modulo integer ring. 

SLx] = [C(Z,)][x] is a polynomial ring with complex modulo 
integer coefficients. 

For we see if 


S[x] = C(Z3)[x] = ps ae 


where a; = m; + nj; ip; m;, n; € Z3;} we see S[x] is a commutative 
ring of infinite order but of characteristic three. 


If p(x) = (2 + ig) + (1 + 2ig) x + (2 +2 ip)x’ 

and q(x) = ip + (2 + ip)x? + 2x° 

are in S [x], 

p(x)aq(x) = [(2+ is) + (1 + 2ip)x + 2 +2 iz) x’) [ip + (2+ 


ip)x? + 2x°] 

= (2+ ipjip + (Zip + L)irx + (2 + 2ip)ip x’ + (2 + 
in & + (LL) OCfox’ +O iB) OF x + 
(24 Digoxin? (142g) Ox” 

= (2ipt+2) + (1 + ip)x +(1 + 2ipx’ +(1 +24 4i;)x? 
(2 tip] bins +0 -+ipt tint Die’ + 
Ctx’ +(14 2x’ +O +ipx’ 

= (262i) + (1+ips fips +2 inex 4 Ox 4 + 
ip)x'? + (1 + 2ip)x? + (2 + ip)x’. 

This is the way the product of two polynomials is 
performed. 


ai € C (Zs) = 


90 
Example 2.14: Let S [x] = C (Zs) [x] = 3 a.x' 
i=0 


{x + ip y |x, y © Zg}; O <i < 90} be the set of polynomials in 
the variable x with coefficients from C (Zs). S [x] is an additive 
abelian group of complex modulo integer polynomials of finite 
order. Clearly S [x] is not closed with respect to product. 


90 
Clearly S[x] contains Zs[x] = bs a,x' 


i=0 


a, € Zh S [x], the 
usual polynomial group under addition of polynomials. 


90 
Zelp [xX] = »3 ace such that a; = x; ip with x; € Zg and i; =} 


i=0 
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¢ S[x] is a pure complex modulo integer group of finite order 
contained in S[x] under addition. Thus S[x] = Zg[x] + Zs ip[x] 
with Zs[x] Zs ip [x] = {0} is the direct sum of subgroups. 
Other than these subgroups S[x] has several subgroups. 


Example 2.15: Let 


S[x] = C[Z,] [x] = [Dax 


i=0 


a, =X+yipsx, ye a 


= {0, 1, 2, ip, 2ip, x, 2x, ipx, 2ipx, x°, 2x°, ip x° and so on} be a 
complex abelian group under addition of modulo complex 
integers of finite order. 


Example 2.16: Let 


S[x] = [Zax 


i=0 


ai € C (Zgo) = {a + bipl a, be Zeo, i, =79}} 


be the set of polynomials in the variable x with complex modulo 
integer coefficients. S[x] is a semigroup under multiplication. 

We have the following interesting theorems; the proof of 
which is simple and hence is left as exercise to the reader. 


THEOREM 2.9: Let S [x] = {Saw n< a) € C(Z,) = {a+ 


i=0 


irb | i =n-—Il anda, b € Z,}. S [x] is group of complex modulo 
integer polynomials under addition. 


THEOREM 2.10: Let S [x] = Saw a; € C (Zy) = {a + bir | 


i=0 


a, b € Z,, and i =n-1}. 
(1) S [x] is a group under addition of infinite order. 
(2) S [x] is a commutative monoid under multiplication. 


a; € C(Zig) = {x 


i=0 


Example 2.17: Let S[x] = C(Zis)[x] {5 a,x’ 


+ yipl x,y © Zig and i; =17} be the collection of all polynomials. 
S[x] is a ring. S[x] has zero divisors, units and idempotents. 
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It is interesting to note that these polynomial rings with 
complex modulo integers can be studied as in case of usual 
polynomials like the concept of reducibility, irreducibility 
finding roots etc. This can be treated as a matter of routine and 
can be done with simple and appropriate changes. 

Now we proceed onto study and introduce the notion of 
matrix ring with complex modulo integer entries. We will 
illustrate this by some examples. 


Example 2.18: Let V = {(X1, X2, ..., X9) |x; € C(Z7) = {a + big | 
a, b € Z, and ip = 6}; 1 <i < 9} be the | X 9 row matrix 
(vector). Clearly V is a group under addition of finite order and 
V is a semigroup under product of finite order. V as a 
semigroup has zero divisors. This semigroup (V, xX) is a 
Smarandache semigroup. 


Example 2.19: Let P = {(X1, Xo, X3, X4) |x; € C (Zo) = {a + big | 
a, b € Zio and iz = 11, 1 <1 <4} be the collection of 1 x 4 row 
matrices with complex modulo integer entries. P is a group 
under addition of finite order and (P, x) is a semigroup of finite 
order having ideals, subsemigroups, zero divisors, and units. 


Now we show how addition is carried out. Let 
X =(7 4+ 3ip, 4 + 2ip, ip, 7) 


and y = (2, Sip, 9 + 2ip, 10 + ip) 
be in (P, +). 
X+y = (7+ 3ip, 4+ 2ip, ip, 7) + (2, Sip, 9 + Zip, 10 + ip) 
= (74+ 3ip + 2,4 4+ 2ip + Sip, ip +9 + Zip + 7 + 10 + ip) 
(mod 12) 


= (943i, 4+4 Tip, 3ip + 9,5 + ip) € P. 

(0, 0, 0, 0) acts as the additive identity of P. 

Now (P, x) is a commutative semigroup of finite order; (1, 
1, 1, 1) is the multiplicative identity of (P, x). 
Suppose x = (3 ip, 2 + Ip, 8, 5+7 ip) and y = (3+ Ip, 8, 9+ ip, 
8ip) are in P to find 
x.y = (3 ip, 2+ ip, 7, 547 ip) X (3 + ip, 8, 9 + ip, 8ig) 
(3ip X 3+ip, 2+ip X 8, 8X(9+F ip), 5+7ip X 8iz) (mod 12) 
(Qip + 3X11, 16 + 8ip, 72 + 8ip, 40ip + 56 X 11) (mod 12) 
(usingi; = 11) 
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= (Qip + 9, 4481p, 8ip, 4441p) is in P. Clearly (P, X) has 
zero divisors, units, idempotents, ideals and subsemigroups. 


Interested reader can study the associated properties of the 

group of row matrices with complex modulo number entries and 

semigroup of row matrices of complex modulo integer entries. 
Now let 


where x;’s are in C (Z,); 1 <1 <m, that is x; = a; + bjip withi; = 
n-1. Y is called / defined as the column matrix or column vector 
of complex modulo integers. 

We see if we get a collection of m x 1 column vectors, that 
collection is group under addition. Infact multiplication is not 
defined on that collection. 


We will illustrate this situation by some examples. 


Example 2.20: Let 


x, € C (Zs) = {a + big la, b € Zs ; i =4,1<i<5}. Pisa group 
under addition of finite order. 


For if 
[2+4i, | 0 
ais 2+ 4i, 
x=| 2i,+1] andy= 4 
3 321, 
| 41, +3 Rese 
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are in P to find x + y. 


[2+4i,] | 0 
3i, 2+ 41, 
x+y=| 2i,+1] + 4 
3 3+ 21, 
| 4i, +3 | 1+ig 
[ 2+4i,+0 [ 2+4i, 
3i, +24 4i, Dee 2 
= 1+ 21,+4 |(mod5) = | 2i, 
34+3+21, 1+ 2i, 
[3+ 41,+1+i, | 4 
is in P. 
| 0 
0 
Now | 0] acts as the additive identity. Multiplication or 
0 
0 


product cannot be defined on P. 


Example 2.21: Let 


x; € C(Zo4) = {a + big | a, b © Zo4}; if = 23; 1 Si < 20} bea 
group of 20 x 1 complex modulo integer column matrix. M is of 
finite order and is commutative. Now we proceed to define m x 
n(m¥#n) complex modulo integer matrix and work with them. 
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Example 2.22: Let 


X; XX, Xe 


4 


9 xi Ee C (Zp) = {a+ bipla, be Zoo}; 


i; = 19; 1 Si < 15} be a5 x 3 complex modulo integer matrix. 
P is a group under addition and in P we cannot define product P 
is defined as a 5 x 3 matrix group of complex modulo integers. 


Example 2.23: Let 


aie “tie yee 
w= 
Gyn yg wee Ag 


i, = 18; 1 <i < 22} be a2 x 11 complex modulo integer group 


a; € C (Zio) = {a + bipla, b € Zio}; 


of finite order under addition. 
00... 0 
Ee W 
00... 0 
acts as the additive identity. 


Example 2.24: Let 
a; € C (Z3) = {a + big | 


a, b € Z3}; if = 2; 1 <i < 20} be a group of 4 x 5 complex 
modulo integer matrices under addition. 
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Consider 


0000 0 
a a a a 
as 0 4 ‘ ° |!a,€ C(Z,);1Si<10> cS 


ag a, ag Ay Ai 


Also 


a,€ C(Z,);1<is10- cS 


O a, O a O 


is a subgroup of S of finite order. 


Now 
0 0 0 0 O 
aj O a, O a, . 
POT= a, € C(Z,);1sis5 
0 0 0 O 


O a, O a; O 
is a subgroup of S. 


Thus almost all results true in case of general groups can be 
easily derived in case of group of complex modulo integer 
matrix groups. 
Example 2.25: Let 

P= {: i 

a, a, 

= {a + big | a, b € Zao}; ie = 49; 1 <i < 4} be the group of 
complex modulo integers under addition. 


[6 3 


is a subgroup of P of finite order. 


ai € C (Zs0) 


se Cl2it 5152} cP 
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Example 2.26: Let S = {all 15 x 15 matrices with entries from 
C (Z4z)} be the group of complex modulo integers under 
addition which is commutative and is of finite order. 


Example 2.27: Let 


a, a, a; 
M=,A=|a, a, a. || a€ C(Z))= {at bigla, be Zy}; 
a, ag a, 


i; = 6; | <1 <9} be the set of 3 x 3 matrices. If |IAl# 0, Misa 
group under matrix multiplication. M is a finite non 
commutative group. If we relax the condition IAI + 0 then M is 
only finite non commutative semigroup of complex modulo 
integers. 

M has subgroups also. Also properties of finite groups can 
be easily extended to the case of complex modulo integers finite 
groups without any difficulty. 

Infact M = {collection of all m x m square matrices with 
entries from C (Z,) (n < o-)} is a non commutative complex 
modulo integer finite ring of characteristic n. Thus we have a 
nice ring structure on M. So for finite non commutative rings 
one can easily make use of them. We can have subrings, ideals, 
zero divisors, units, idempotents and so on as in case of usual 
rings. This work is also a matter of routine and hence left as an 
exercise to the reader. 


Now having seen examples of rings, semigroups and rings using 
matrices of complex modulo integers we proceed onto define 
the notion of complex modulo integers vector spaces and linear 
algebra. 


DEFINITION 2.3: Let V be a complex modulo integer group 
under addition with entries from C(Z,); p a prime. If V is a 
vector space over Z, then we define V to be a complex modulo 
integer vector space over Z,. 


We will first illustrate this situation by some examples. 
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20 
Example 2.28: Let V = {Bax a, € C (Zs) = {a+bigla,be 
i=0 


Zs}; i; = 4; 0 <i < 20} be a complex modulo integer vector 


space over the field Zs. 


Example 2.29: Let 


X; Xy 
xX 
V= : : a; € C (Z43) = {a + big la, b € Zu3}; 


X95 x 26 


i; = 42; 0 <i < 26} be a complex modulo integer vector space 
over the field Z43. 


Example 2.30: Let 


17 aig Aig Ay 


a, € C (Zy,) = {a + big] a, b € Zy)}; c = 40; 1 <i1< 20} bea 
complex modulo integer vector space over the field F = Z,). 

We can define subspaces, basis, direct sum, pseudo direct 
sum, linear transformation and linear operators, which is a 
matter of routine so left as an exercise to the reader. 

However we proceed onto give some examples. 


Example 2.31: Let 
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ai © C (Zo3) = {a + big l a, b © Zo3}; i, = 22; 1 <i < 15} bea 
complex modulo integer vector space over the field Z.3 = F. 
Consider 


a a, a; 
0 0 0 
M=y,/a, a; a, |la,¢C(Z,,);1<i<9- CP; 
0 0 0 
a, a, a, 


M is a complex modulo integer vector subspace of P over F = 
Zo3. 


a, O a, 
a, O a, 
S= /a, O a, |lja,;¢ C(Z,,);1<i<10; CP, 
a, O a, 
az O ayy 


is again a complex modulo integer vector subspace of P over Z.3 
=F. We see 


a, O a, 
0 0 0 
MnS=4]/a, 0 a, |/a,eC(Z,,);]Sis6- CP 
0 0 0 
a, O a, 


is again a vector subspace of complex modulo integers over the 
field 293 =F. 

In view of this we have a nice theorem the proof of which is 
left as an exercise to the reader. 


THEOREM 2.11: Let V be a complex modulo integer vector 
space over the field Z, = F; p a prime. If Wi, W, ..., W: (t < °) 
are complex modulo integer vector subspaces of V over F = Z, 


t 
then W= (\w, is a complex modulo integer vector subspace of V 


i=l 
over F. 
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Example 2.32: Let 


ai € C (Zi) = {a+ bipla, be Zit}; 


A109 ay) Ai 


i; = 10; 1 <i< 12} be a complex modulo integer vector space 
over the field F = Z,). 


Consider 
a, a, O 
0 0 O . 
Wi = a, € C(Z,,);1Si1<47 CV, 
0 0 O 
O a, a, 


ooo oO 


a, € C(Z,,);1<i< Vs 


‘ a,eC(Z,)1Si<3$ CV 


and 
0 0 O 


a, O a, 
0 0 0 


z 
iT 
1 
SP SS 
ee S- oS 
oO 


a, € se CV, 
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be complex modulo integer vector subspaces of V over the field 


4 
Zi. Clearly V = Jw, and W; 0 W; = (0) ifi4j, 1 Sij <4. 
i=l 
Thus V is a direct sum or direct union of complex modulo 
integer subspaces over Zj1. 


Consider 

a, O a, 
O a, 0 ; 

P, = a, € C(Z,,);1S1<37 CV, 
0 0 0 
0 0 0 
a, O O 
a, 0 a, . 

P,= a,€ C(Z,,);1Si<4- CV, 
0 0 0 
a, 0 0 
a, a, O 
O a, a, 

P;= an cs © a,EC(Z,,);1Si<5?¢ CV, 
a, O O 
a, O O 
0 0 0 : 

Py = a,E C(Z,,);1S1<557 CV, 
O a, a, 
a, O O 
a, O O 
0 O as, ; 

Ps = a,€C(Z,,);1sis47 CV 
a, O O 
0 a, O 
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and 


a, O O 
0 0 O 
Po = a,eC(Z,,)1sis4- CV 
a, 0 O 
a, a; 4, 


be complex modulo integer vector subspaces of V over the 


6 
complex field Z;;. Clearly V = Up, , but P;) M Pj # (O) for i 4 j; 
i=l 


1 <i, j < 6. Thus V is only a pseudo direct sum of complex 
modulo integer vector subspaces of V over Z1. 


ai € C(Zs) = {a + big | 


a4 a; 6 


a a, ay 
Example 2.33: Let V = 
a 


a, b © Zs}; i; = 4} be a complex modulo integer vector space 
over the field Z;. Now consider the set 


pj! % O}fo 1 0] Jo 0 1 

V0 Gr OPO. DLO Oo. 6)? 
0 0 O|f0 0 O]f0 O O]fi, 0 O]f0 0 O 
1 OO} (0-1. O1O GO 1/0 0.°0)).0. a, 0)’ 
0 i, O]f0 0 i,]/0 0 0] fo 0 O 

; |. , _ te cy. 
0 0 OF/0 0 OF}i, O OF JO O i, 


B is a basis of V over Zs. Clearly complex dimension of V over 


Zs 1s 12. Likewise we can find basis for V and determine the 
dimension of V over F. 


Example 2.34: Let 


aj ay ay a 
1 2 3 4 

V= | 
ac? ia “aac cae 


a € C(Zy3) = {a+ bipla, be] Zi}; 
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i; = 12} be a complex modulo integer vector space over the 


field Z,3 
and 


W=,/a, a, a, || a € C(Zi3) = {a+ bipla, b © Zy3}; 


a, ag ay 


a: 
1, 
same field Z)3. Only now we can define the notion of complex 
linear transformation from V to W. 


= 12} be a complex modulo integer vector space over the 


Let T: V > W bea map such that 


T is a complex linear transformation of V to W. 


It is pertinent to mention here that most important factor is if T 
is a complex linear transformation we map i to i. Of course we 
can have other ways of mapping but those maps should give us 
the expected complex linear transformation. 

a 


We can define 
Fe. ge 18 T a a, a, a,/| (0 0 0 0 
Te ie. alg fe ae a ay) NO OO 


Cc V; ker T is again a subspace of V. We also can easily derive 
all results about complex linear transformations as in case of 
usual transformation only with some simple appropriate 
operations on them. 


kerT = 
a 


We can also define as in case of usual vector spaces the notion 
of invariant subspace by a complex linear operator and so on. 
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Example 2.35: Let 


a a, ay 


7 ag ay ai € C (Zoo) = {a + big la, b € Zro}; 


413 any ais 


i; = 28; 1 <i< 15} be a complex modulo integer vector space 
over the field Zr9 = F. 
Let T: V > V be a map such that 


a, a, a, a, O O 
Hy Ag. “he O a, O 
T/|a, a, ag|//=|/0 O a,]; 
Aig ayy ar» ay 0 0 
43 ayy a5 0 as 0 


T is a linear operator on V. 


Now let 
la, O O 
0 a, O 
W=3|/0 O a, |la,¢€ C(Z,,);1Si<5- CV; 
a, O O 
0 a, O 


W is a complex modulo integer vector subspace of V over Z2. 
Now we see T (W) C W so W is invariant under the complex 
linear operator T. 


Consider 
| By: Hig 
0 0 0 
P=)a, a, a, |ja,eC(Z,,);1Sis9- CV, 
0 0 0 
ay ay dy 
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P is a complex modulo integer vector subspace of V over Zo9 
but T (P) CP, so P is not a complex vector subspace of V which 
is invariant under the linear operator T of V. Interested reader 
can study the notion of Hom, (V,V) and Hom, (W,V); Pa prime. 


Such study is also interesting. 


aj € C(Zy7) = {a + ipb | a, b 


ay. ay 


a, a, 
Example 2.36: Let V = 


€ Zi}; i; = 16} be a complex modulo integer vector space 
over the field Zy7. 


If 
a, 0 
Wi= ais a,EC(Z,,)7 CV, 
[O a, 
W2 = lo 0 a,e C(Z,,)r CV, 
[0 O 
W3 = a; E C(Z,,) ce V, 
[a3 0 
and 


wee 


be subspaces of V. We say V is a direct sum of W1, W2, W3 and 
W, and V is spanned by W,, W2, W3 and Wu. 

We can have several properties about linear operators like 
projections and the related results in case of complex modulo 
integers. 


a,€ cc} cV 


We can define modulo integer linear algebras if the modulo 
integer vector space is endowed with a product. Infact all 
complex modulo integer linear algebras are vector spaces but 
vector spaces in general are not linear algebras. Several of the 
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examples given prove this. We now give examples of complex 
modulo integer linear algebras. 


Example 2.37: Let V = {Sax aj € C (Zi) = {a + big la, b 


i=0 


€ Zi; i; = 10}} be a complex modulo integer linear algebra 


over Z;. Clearly V is of infinite dimension over Z). 


Example 2.38: Let M = {(X1, X2, X3, X4, Xs, X6) | Xi € C (Zy7) = {a 
+ big | a, b € Zy73 i = 16}; 1 <i < 6} be a complex modulo 
integer linear algebra over Zj7. Clearly M is finite dimensional 


and M is also of finite order. 


Example 2.39: Let 


a, a, a, 
V=5/a, a, a, || ae C (Zs3) = {a + bigl a, b € Z53}; 
a, ag ay 


i: = 52; 1 <i <9} be a complex modulo linear algebra over Z;3. 


V is finite dimensional and has only finite number of elements 
in it. However V has complex modulo integer linear subalgebras. 


Example 2.40: Let 


Pe {: | 
a, a, 
1 <i< 4} be a complex modulo integer linear algebra over the 


field F = Ze). 
Define T : V > V by 


a; € C (Ze) = {a + big la, b € Zo1; i; = 60}; 


T is a linear operator on V. 
Further if 


we 2] 


a,€ ciayysisa} CV; 
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be a complex modulo integer linear subalgebra of V_ over 
Z61 = F. 

T (W) & W so T does not keep W as a invariant subspace of 
V over Z61. 


Example 2.41: Let 


v= | 
Ae. hy 


a, € cm yasisal 


and 


a, € C(Z,,);1Si<16 


43° Ay As Ay 


be any two complex modulo integer linear algebras over the 
field F = Zy3. 


Define T : V > W by 


a, 0 O O 
a, a Oa 0 O 
TP Pap 
a, a, 0 0O a, O 
0 0 0 a, 
T is a linear transformation from V to W. 
Example 2.42: Let 
a a, a, a, 
a. a a a 
V= A 5 : ai € C (Z37) 


= {a + bip la, b € Zs; i = 36}; 1 <i < 16} be a complex 
modulo integer linear algebra over the field Z37 = F. 
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Define T : V > V by 


a, a, a, a, a, O a, O 

T as Ae A, ag || O a, O a, 
Ay Aig ay ary as 0 a, 0 
413 Ag As AG O a, 0 a, 


T is a linear operator on V. 
All properties related with usual operators can be easily 
derived in case of complex modulo integer linear operators. 


We can define in case of linear operators of vector space / linear 
algebra of complex modulo integers we can define the related 
special characteristic values and characteristic vectors. 

Let V be a complex modulo integer vector space over the 
field Z, and let T be a linear operator on V. A special 
characteristic value of T is a scalar c in Z, such that there is a 
non zero vector & in V with Ta = ca. If c of characteristic value 
of T, then 

(a) any & such that To = co is called a characteristic vector 

of T associated with value c. 
(b) collection of all @such that Ta= ca is called the 
special characteristic space associated with c. 

The fact to be remembered is that in case of usual vector 
spaces the associated matrix has its entries from the field F over 
which the space is defined but in case of complex modulo 
integers this may not be possible in general. We say in case of 
special characteristic equation the roots may not in general be in 
the field Z, but in C (Z,) where the vector space is defined 
having its entries. Thus this is the major difference between 
usual vector space and the complex modulo integer vector 
space. 


Now we define the notion of special Smarandache complex 
modulo integer vector space / linear algebra over the S-ring. 


DEFINITION 2.4: Let V be an additive abelian group with 
entries from {C (Z,) = {a + bir \a, b € Z,}; ie = n—1} where Z,, 
is a S-ring. If Vis a vector space over the S-ring then we define 
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V to be a Smarandache complex modulo integer vector space 
over the S-ring Z,. 


We give examples of them. 
Example 2.43: Let 
V= {; a, | 
a, a, a, 
= {a+ big l a, b € Zjo; i = 9}; 1 <i < 6} be a Smarandache 


complex modulo integer vector space over the S-ring R = Zio. 


aj € C(Zjo) 


Example 2.44: Let 


aj € C(Zj4) 


37 3g 3g) Ay 
= {a + bip | a, b € Zy4}; iF = 13} be a S-complex modulo 
integer vector space over the ring S = Zj4. 


Example 2.45: Let 


aj € C(Z46) 


= {a+ bipl a, b © Zu; i = 45}; 1 <i < 6} be a S-complex 
modulo integer linear algebra over the S-ring S = Zag. 


Example 2.46: Let 


a, a, a, 
M=/a, a, a, || aj © C(Zss) 
a, ag ag 


= {a + bip la, b € Zg; iz = 37}; 1 <i< 9} be a complex 
modulo integers linear algebra over Z3s. 
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a, a, a, 
W=,/0 a, a,}| ae C (Zz); 1 S156} CM; 
0 0 a 


W is a Smarandache complex modulo integer linear subalgebra 
of M over Z3g. Infact M has many S-complex modulo integer 
linear subalgebras. 


Example 2.47: Let V = {(X1, Xo, X3, X4, Xs, Xo, X7, Xg) | Xi € 
C(Z34)={atbip la, b € ieee ta = 33}; 1 <1 <8} be a Smarandache 
complex modulo integer linear algebra over the S-ring Z34 = S. 
Take 
P, = {(x1, X2, 0, 0, 0, 0, 0, 0) 1Xq, X2 € C (Z34) } Cc V, 
P, = {(0, 0, x3, 0, 0, 0, 0, 0) 1x3 € C (Zaa)} CV, 
P; = {(0, 0, 0, X4, Xs, 0, 0, 0) 1 Xs, x4 € C (Zsa)} CV, 
Py = {00000 x6 0 0) 1X6 € C (Zaa)} CV, 
P;={(000000x,0)|x,e€ C (Z34)} c V and 
Po= {00 eas 0, Xg) | Xg EC (Za) } cV 
be smarandache complex modulo integer linear subalgebras of 


6 
V over the S-ring Z34. Clearly V = Up, and P; 7 P; = (00000 
i=l 


00 0) ifi#j; 1 <i,j <6. Thus V is a direct sum of subspaces. 
Take 
M, = {(X1, X2, 0, x30 00 0) 1x; € C (Zs4)3 1 Si <3} CV, 
M2 = {(X1, X, 0, 0, X3, x40 0) |X; EC (Z34);3 1 <is4} Cc V, 
M3 = {(x,,00x.0x3;00)I x, € C (Z34); 1 <i<3} cV, 
Mu= {(X1, 0 X2, 0, X3 0 X4) | Xi € Cc (Z34)3 1<is< 4} = V, 
Ms; = {(x;,00000 x; x.) 1x; € C (Zs4); 1 <i <3} Cc V and 
Me = {(X1, 0, X2, 0, x3 0 x4 0) 1x; € C (Zy4); 1154} CV, 
be S-complex modulo integer linear subalgebras of V over the 
S-ring S = Z34. 


6 
V=(JM,:MiOMj# (0) ifizj; 1<i,js6. 
i=l 


Thus V is only a pseudo direct union of S-complex modulo 
integer sublinear algebras of V over Z34= S. 
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Example 2.48: Let 


{; | 
V= : 
a, a, 


1 <i < 4} be a Smarandache complex modulo integer linear 
algebra over the S-ring Ze. 


Let 
We a, ay 
0 a, 
W is a Smarandache complex modulo integer linear subalgebra 


of V over the S-ring Ze. 
Now let 


rele 2) 


P is a complex modulo integer linear algebra over the field F = 
{0, 3} c Ze. Thus P is defined as a Smarandache pseudo 
complex modulo integer linear algebra over the field F of V. 
Infact P is also a Smarandache pseudo complex modulo 
integer linear subalgebra of V over the field {0, 2, 4} C Ze. 


Sones 


is a pseudo Smarandache complex modulo integer linear 
subalgebra of V over the field F = {0, 2, 4} Cc Ze. 


a € C(Z,) = {a+ ipbla, be Ze; i, = 5}; 


a, € o@,ytsisa| cV, 


a, € C(Z,);1S1¢ 1 cV, 


ae ca| cV 


Example 2.49: Let 


aaaa 
aaaa 

V= ae C (Z,) 
aaaa 
aaaa 


= {at+ipbla, be Z,; iF = 6}} be a complex modulo integer 


vector space over the field Z;. Clearly V has no subvector space 


with entries of the form a = x + ipy; x #0 and y 40. 
Inview of this we have the following theorem. 
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THEOREM 2.12: Let 


aaa a 
aaa... a 

Vee as _|[aeC(Z,); 
aaa... a 


p a prime} be the set of all n Xn matrices complex modulo 
integer linear algebra over Z,. 

i) V has no complex modulo integer linear subalgebra with 
entries of the matrix x = a + bir, a #0 and b 40 a, b € Z,,. 


HX hs 

2 A bat ; 

ii)/M=5). . . ||xeZ, ¢ CV is a pseudo complex 
Me Xo eX 


modulo integer linear subalgebra of V over Zp. 


The proof is straight forward and hence left as an exercise to the 
reader. 


Example 2.50: Let 


ace 


be a complex modulo integer linear algebra over the field Zs. 
Consider 


3i, 3, 4i, 41, 
xy = stp stp Aig 4, 
3i, 3i,) \4i, 4, 


_ (2x12i2 21212) (24x4 24x4) (1 1 
~ Lox12i2 2x«122) ~ (24x4 24x4) 


(using i; = 4 and modulo adding 5). 


ae c¢ty| 


in V. Now 
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Thus if 


Peel 


then P is not a linear subalgebra and product is defined on V but 
it is not in P. For take 


fh *) a ‘ 
X=/ > — | andy=] ; 
ip i, 3i, 3i, 
xy=( le 2 
ig dete Ste 


3224312 312 +372 4 4 
Ee ee a coo G2 =4) = [4 er. 
3i, +3i, 31, +31, 


Thus P cannot be a linear subalgebra but P can be complex 
modulo integer vector subspace so P is a pseudo complex 
modulo integer vector subspace of V over Zs. 


ae zie = {ai,. Jae 7} cV 


in P. Now 


Example 2.51: Let 


aaaa 
aaaa 

P= aé C(Zy) = 
aaaa 
aaaa 


{a, + ipb; | ay, b; € Zy; i; = 11}} be a S-complex modulo 


integer linear algebra over the S-ring Zi. P has pseudo S- 
complex modulo integer linear subalgebra given by 


aaaa 
aaaa 

S= ae Zipp CP 
aaaa 
aaaa 
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is not a subalgebra. Thus if C(Z,) = {a + ipb la, b € Z,; if =n- 
1} then Z, c C(Z,) and Z, is a subring called the pseudo 
complex modulo integer subring. However Z, ip ={aip | a € Zp, 
i; =n -— 1} is not a ring or a semigroup under product but only 
a group under addition for aig . big (a, b € Z,) is abi; = ab (n—- 
1) and ab (n- 1) ¢ Z, ip. Thus product is not defined on Zig. 
Now all properties associated with usual vector spaces can 
be derived in case of complex modulo integer vector spaces. We 
just indicate how linear functionals on complex modulo integer 
of linear algebras / vector spaces defined over Z, is described in 


the following. 
Let 


a 
V= : i aé C (Z,3) 
ay Ai 


= {a + big | a, b € Z3; i = 22}; 1 <i < 10} be a complex 
modulo integer vector space over the field Z,3. 
We define f : V > Z,3 as follows: 


a,+bji, a,+b,i, 


a,t+b,i, a,+b,i, 


ag + bol; Ayo + Dooly 


= (a, +b) +a. + bo 4+... + ajo + Dyo) mod 23. 
Thus f is a linear functional on V over Z>3. 


However we have to be careful to make appropriate changes 
while defining dual spaces and basis properties associated with 
linear functionals. Further we can have f(v) = 0 even if v # 0; 
and v € V. Interested reader can develop it as a matter of 
routine. 

If A = (a; + b; ig) is a n X n complex modulo integer matrix 
with entries from Z,, p a prime we can find characteristic values 
as in case of usual matrices. 
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Chapter Three 


NEUTROSOPHIC COMPLEX MODULO 
INTEGERS 


In this chapter for the first time the authors introduce the notion 
of neutrosophic complex modulo integers. We work with these 
newly defined neutrosophic complex modulo integers to built 
algebraic structures. 

Let C((Zn U I) = {a + biz + cl + ipdd la, b,c, de Z,, iZ =n 
-1P =I (il)? = (n — I)I} be the collection of neutrosophic 
complex modulo integers. Thus neutrosophic complex modulo 
integer is a 4-tuple (a, b, c, d) where first coordinate is a real 
value second coordinate signifies the complex number, the third 
coordinate the neutrosophic integer and the forth coordinate 
represents the complex neutrosophic integer. 


Example 3.1: Let C((Zs U I)) = {(a + ipb + cI + ipd]) | a, b, c, d 
€ Zs, ip = 4, r= lL (il) = 4I } be the neutrosophic complex 


modulo integer. The order of C((Zs5 U I)) is oy 


Example 3.2: Let C((Z4 U I)) = {(a + igb + cl + igdD) | a, b, c, d 
€ Zu, i = 3, P= L (ipl)? = 31} be the neutrosophic complex 


modulo integers. 
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Example 3.3: Let C((Zi. UT) = {(a + big + cl + digl) la, b,c, d 
€ Zi, i, = 11, P =I, Ciel)” = 111} be the neutrosophic complex 
modulo integers. 


We give now algebraic structure using C((Z, U J). 


DEFINITION 3.1: Let C((Z, UL) = {a + ipb + cl + ird! | a, b, c, 
d € Z,, iz =n-l,f =1, (ipl Ne = (n—1)I}, suppose define addition 
‘+’ on C((Z, UT)) as follows if x= {a + irb + cl + ipdl} and y = 
{m + ipp + sI + iprl} are in C((Z, UT) then 

x+y (a + ipcb + cl + ipd!) + (m+ ipp + sI + iprl) 

((a + m) (mod n) + ip (b + p) (mod n) + 

(c + s)I (mod n) + ipl (d + r) (mod n)) 

(C((Z, UD), +) is a group for0 +0+0+0 = Oacts as the 
additive identity. For if x = {a + big + cl + dipl € C((Z, UL)) 
we have —x = (n—a) + (n—b)ip + (n—c)I + (n— d)ipl € C((Z, 
UT)) such that x + (—x) = 0. 

(C((Z, U I), +) is defined as the group of neutrosophic 
complex modulo integers or neutrosophic complex modulo 
integers group. 


All these groups are of finite order and are commutative. 
We will illustrate this situation by some examples. 


Example 3.4: Let G = C((Zi, UT)) = {(a + ipb + cl + ipdd) | a, b, 
c,d € Z, P =I, (ig” = 10, (ipl)* = 101} be a neutrosophic 
complex modulo integer group under addition. o(G) = 11°. G 
can have only subgroups of order 11 or 121 = 11° or 11? only. 


Example 3.5: Let G = {C((Z, UI)), +} = {0, 1, ig, I, ipl, 1+ ip, 1 
+], I4+ip, 1 +ipl,t+ipt+ |, ip + ipl, 1+ ip t+] 1 +ip+ipl, 1 + 14+ 
ip I, I + ip + ipl, 14+ iptl + ipl} be the group neutrosophic 
complex modulo integers of order 2* = 16. 


We have H, = {0, 1}, H: = {0, I} and H; = {0, 1, I, 1 + I} are 
subgroups of order two and four respectively. 
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Example 3.6: Let 


P= {: a, 7 
a, a; a, 
= {a + bir + cl + ipdI la, b,c, de Z;, i2 =2, P =I, Gel) = 21, 1 


<i< 6} be a group of neutrosophic complex modulo number 2 
x 3 matrix under addition. 


a, € C((Z3 UD) 


Example 3.7: Let 


27 : 
M= {ax 


a € C (Zy UT)) 


i=0 
= {a + bir + cl + ipdl | a,b,c, de Zp, i2 =41, P =I, Gel’ = 


411}; 0 <i S$ 27} be a group of polynomials under addition of 
complex neutrosophic modulo integers. 
Clearly M is of finite order. 


Example 3.8: Let 


XX 
Se 

P= , aeC ((Zs0 U DD) 
X43, X44 


= {a + big + cl + ipdl la, b, c,d € Zso, i, = 49, P =I, Ciel)’ = 
491}} be the 22 x 2 group matrix under addition with entries 
from C((Zs9 U I)). 


Example 3.9: Let M = {(X1, Xo, ..., Xi) |x} € C((Zi5 UD) = {a 
+ big + cl + ipdI la, b, c, de Zis, i, = 14, P =I, (ipl)? = 141); 1 
<i < 11} be a group of row matrix of neutrosophic complex 
modulo integers under addition. 


Example 3.10: Let M = {(a, a, a, a, a, a) la € C((Z;, UD) = {a 
+ big + cl + diel la, b,c, de Zu, i, = 10, =I, Gel’ = 101}} 
be a row matrix of neutrosophic complex modulo integers. M is 
a group under product. (M does not contain (0, 0, 0, 0, 0, 0)). 
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Example 3.11: Let 


a, € C (Z3 UT)) 


ll 
> > 2 PP PF PB PB PB OH 


= {a + ip b+ cl + dip la, b,c, de Zu, i2 = 12, P =I, Gp’ = 
121}} be a group of neutrosophic complex modular integers 
under addition of finite order. 


Example 3.12: Let 


{: i 
M= 

c d 
= {m+ nig + rl + ipsl | m,n, r,s € Zis, i = 14, P =I, (ipl)? = 


141}} be a group of complex neutrosophic modulo integers 
under addition. Let 


fe 


P is a subgroup under addition of M. 


Take 
a b 
W = 
{: ‘| 


is also a group under addition. 
Consider 


a(t 


5, 10} C Zis}} CM is a subgroup of M. 


a, b, Cc, d E C ((Zis U Ty) 


a,be CZs vip) cM; 


a,b,ce C((Z,; v1) cM 


a,b,c,de {m+ nip + rl + ips] |m,n,r,s e€ {0, 
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Now we have seen the concept of subgroups of a group. 


Example 3.13: Let M = {(aj, ..., ai9) where a; € C((Z49 U TD) = 
{a + ip b+ cl + ipd] la, b,c, de Zuo, i, =39, P =I, (ipl) = 391}; 
1 <i < 10} be closed under product but is not a group under 
product. But M is a commutative semigroup of neutrosophic 
complex modulo integers under product. M has ideals and 
subsemigroups. 


Example 3.14: Let 


5 a, 
: . ai € CK La3 i) I) 


Arg Ang Aq 

= {a + big+ cl + ipdI | a,b, c,d € Zu, if = 42, P =I, (pl) = 
421}; 1 < i < 30} be a complex neutrosophic modulo integer 
semigroup under addition. 

a) Find order of S. 

b) Find ideals if any in S. 

c) CanS have zero divisors? 

d) Find subsemigroups which are not ideals in S. 

Study (a) to (d) to understand about neutrosophic complex 

modulo integer semigroup. 


Example 3.15: Let 


mele a 


= {m trip + nl + Isip | i, = 12, P =I, and (lip)” = 121} be a 
neutrosophic complex modulo integer semigroup under product 
of matrices. 

i. Find order of M. 

ii. Find subsemigroups which are not ideals of M. 


e Oa 
ii. Is P= 
b O 


a, b, Cc, deC ((Zi3U I)) 


a,be C((Z,; U | C M an ideal of M? 
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iv. Find right ideals in M, which are not left ideals of M. 
v. Prove M is a non-commutative semigroup. 
vi. Is M a S-semigroup? 


Answer such questions to understand this concept. However 
the last chapter of this book provides many problems for the 
reader. Further we are not interested in the study of complex 
neutrosophic modulo integer semigroups or groups. 

What we are interested is the construction and study of 
complex neutrosophic modulo integer vector spaces / linear 
algebra and set complex neutrosophic modulo integer vector 
space / linear algebra and their particularized forms. Now we 
have seen examples of semigroups and groups built using the 
complex neutrosophic modulo integers. 


We will first define vector spaces of complex neutrosophic 
modulo integers. 


DEFINITION 3.2: Let V be an additive abelian group of complex 
neutrosophic modulo integers using C((Z, UL)), p a prime. Z, 
be the field. If V is a vector space over Z, then V is defined as 
the complex neutrosophic modulo integer vector space over Zp. 


We will illustrate this situation by an example. 


Example 3.16: Let 


25 
ve p3 a,x! 
i=0 


a, € C(Z, UD) 


= {a + birt cl + ipdl la, b,c, de Z}, i, =6, P=1};0<i<25} 
be a complex neutrosophic modulo integer vector space over the 
field Z;. 


Example 3.17: Let 


a, a, a, 
M=,/a, a, a |jae C (Zi UD) 
a, ag ay 
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= {a + bigt cl + ipdl | a, b,c, de Zu}, i2 = 10, P =I; Gel’ = 
101}; 1 < i < 9} be a neutrosophic complex modulo integer 
vector space over the field Zy,. 

Example 3.18: Let 


a; 
a, 
P= “ a, € C((Za3 U I) 


Ai 


= {a + bipt cl + ipdI | a, b,c, d€ Za}, i2 = 42, P =I; (ipl)? = 


421}; 1 <i < 12} be a complex neutrosophic modulo integer 
vector space over the field F = Za3. 


Example 3.19: Let M = {(aj, a, ..., @10) lai € C (Z47 UD) = {a 
+ birt cl + ipdI | a, b, c, de Zaz}, i2 = 46, P =I; Gel = 461}; 1 


<i < 10} be a neutrosophic complex modulo integer vector 
space over the field F = Za7. 


Example 3.20: Let 


We= a a, **) 
a3 ayy ont An, 
= {a + bipt cl + ipdl | a, b,c, d€ Zs}, i2 = 22, P =I; (ipl = 


221}; 1 <i < 24} be a neutrosophic complex modulo integer 
vector space over the field Z,3 = F. 


ai € C((Zo3 U 1)) 


Example 3.21: Let 


Pi; Po #3 
we4Ps Fs Pe pe C(ZsUD) 
Paz Pag Pas 


= {a+ ipd + cl + ind la, b, c, de Zs}, 2 =4, P=]; Ge? = 41}: 


1 <i < 45} be a neutrosophic complex modulo integer vector 
space over the field F = Zs. 
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Example 3.22: Let 


a a, a, 
ay Os ay 

V= a € C (ZU I)) 
as By Ag 


= {a+ big + cl + ipdl la, b,c, de Zao}, 2 = 28, P =I; Ge’ = 


281}; 1 <i < 12} be the neutrosophic complex modulo integer 
vector space over the field Zy9 = F. 


The definition of subvector space is a matter of routine we 
give a few examples of them. 


Example 3.23: Let 


a ay 
ar A 

V= , : ay € C ((Z13 U I)) 
Ay, And 


= {a+ bir + cl + ipdl la, b,c, de Zi}, 2 = 12, P=]; Gel’ = 


121}; 1 <i < 22} be the neutrosophic complex modulo integer 
vector space over Z}3. 
Consider 


> 
oo 


a 
T=4] 2. |Ja,eC(<Z,, UI>)1Sis1l> CV, 


T is a complex neutrosophic modulo integer vector subspace of 
V over Z;3. 
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a; ay 
0 O 
as’, Dy 
0 O 
as as 
M=;/ 0 0 |ja,eC(K<Z, UI>);15i1s12-> CV 
az ag 
0 O 
Ay Ayo 
0 O 
4, Ajs 


be a neutrosophic complex modulo integer vector subspace of V 
over Z3. 
Now 


TOM=4| 0 a, € C(<Z,, UI>):1<i<6$ CV 


ooocoooqcocoqoqaooo 


is a subspace of V. We have the following theorem the proof of 
which is left as an exercise to the reader. 


THEOREM 3.1: Let V be a neutrosophic complex modulo 


integer vector space over the field F = Z,. Let W), ..., W,(t < 2%) 
be the collection of vector subspaces of V. 
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W = 7 W; is a vector subspace of V. W can be the zero 
subspace. 


Example 3.24: Let 
a, a, 4a, a, 
V=j/a, a a, a, |jae C(Z,UD) 
ay Gig yy 
= {at ipb + cl + ipdl la, b,c,de Z7; i; =6, 1 =I; (isl) = 61}; 


1 <i < 12} be a neutrosophic complex modulo integer vector 
space over Z7. 


Consider 
Vay 0-0 <a; 

Wi= 5,0 0 0 0O /la,eC(<Z, UI>);1Si<3; CV, 
[ar 0 0 0 
10 0 0 0 

W2= 51a, O O a, |Ja,eC(<Z, UI>);1sis3;- CV, 
[0 0 0 a, 
[O a, 0 O 

W3= 5/0 a, O O}/a,,a,eC(<Z,UI>); CV, 
[9 0 0 O 
(0 O a, O 

W4= 5/0 O O O}la,a,eC(<Z, UI>)- CV and 
[9 a, O O 
(0 0 0 0 

Ws=4/0 O a, O]]a,.a,eC(<Z,UI>)> CV 
[00 xg. 10 
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be neutrosophic complex modulo integer vector subspaces of V 
) 
over Z7. Clearly V = Lw, ifi#j, 1 <i,j <5. Thus V is the 


i=l 


direct sum of W,, W>, ..., Ws. 


Example 3.25: Let 


ay. Ag. Age . By 
a, Ai ayy Ayo 

V= 41a Ay as ae | faire C((Zs53U D) 
a a a, a 


Los 46 Ay, Axg 


= {a + bip + cl + ipdl la, b, c,d € Zs3; if = 52, P =I; (ipl) = 
521}; 1 <i < 28} be a complex neutrosophic modulo integer 
vector space over the field F = Zs3. 


Example 3.26: Let 
a 
: . a; € C(Zs3 ) 


= {a + big | i = 52} 1 <i <8} CV, (V mentioned in Example 
3.25) M is called as the complex pseudo neutrosophic complex 
modulo integer vector subspace of V over Z53. Take 


a, € (Z., UD) 


Ar5 Ang = Ag7 SA 


= f{a+bDlI| P= I, a, b € Zs3} C V. P is a neutrosophic pseudo 
neutrosophic complex modulo integer vector subspace of V 
over Z53. 
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Now if 


a 
Te4) > 2 aye Zag SiS 28 ie V: 


As A6 Aq Ang 


then T is a real pseudo neutrosophic modulo integer vector 
subspace of V over Z53. 

It is interesting to note that V is not a linear algebra. 

We can also have 


a 
Bes) > 2 7 “* \\a€Z,1={allae Z., 1 sis 28 


Cc V is a pure neutrosophic pseudo neutrosophic modulo integer 
vector subspace of V over Zs3. 
Finally if we take 


ai. dy ay. Ay 


de. @,. ay. -a er ; 
C=. . | [aj © Zesipstaip lae Z,,,.1< j< 28 


As A6 Aq Ang 


Cc V is again pure complex pseudo neutrosophic complex 
modulo integer vector subspace. 

However it is pertinent to mention here that if V is a linear 
algebra then V_ cannot contain pure complex pseudo 
neutrosophic complex modulo integer vector subspace. This is 
the one of the marked difference between a vector space and 
linear algebra. We have not so far defined the notion of 
neutrosophic complex modulo integer linear algebra. We just 
say a complex neutrosophic modulo integer vector space V is a 
complex neutrosophic modulo integer linear algebra of V is 
closed under a product. Inview of this we have the following 
theorem. 
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THEOREM 3.2: Let V be a complex neutrosophic modulo 
integer linear algebra over the field Z,, then V is a neutrosophic 
complex modulo integer vector space over the field Z,. If V is a 
complex neutrosophic modulo integer vector space then V need 
not in general be a linear algebra. 


The first part follows from the very definition and the later part 
is proved by a counter example. 


Example 3.27: Let 


° Ila e C (Zi7UD) 


Ai ai, aio 
= {a+ bip + cl + ipdl la, b,c, de Zz; i, = 16, P=1; (ipl = 
161}; 1 <i < 12} be a complex neutrosophic modulo vector 
space over the field Z;7. Clearly a product cannot be defined on 
M so M is only a vector space and not a linear algebra. 


Example 3.28: Let 
ay € C ((Z3 U 1D) 


= {a+ bip + cl + ipdl la, b,c, de Zy; i2 =22, P =I; (ipl = 


F 
221}; 1 < i < 16} be a complex neutrosophic modulo integer 
linear algebra over the field Z53. 


We can define subalgebras and direct sum. 


co 


Example 3.29: Let M = {da 


i=0 


a; € C ((Z1, UD) = {a + birt 


cl + ipdI | a, b, c, de Zi}, i2 = ip, I? = 1 and (lig) = 101} bea 
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complex neutrosophic modulo integer linear algebra of infinite 
dimension over Z1. 


Example 3.30: Let V = {(aj, a2, a3, a4, a5, a, a7, ag) | ay € 
C (Zi, UD) = {a + bigt cl + ipd] | a, b, c, de Zy7}, i; = 16, 
I =I and (ipl)? = 161}; 1 <i < 8} be a neutrosophic complex 
modulo integer linear algebra over the field F = Z7. Clearly V is 
finite dimensional over Z7. 

Consider 

P, = {(X), 0, X2, 0, 0, 0, 0, 0) 1x1, % € C(K(Zy,7 UD)} CV, 

P, = {(0, Xj, 0, X2, 0, 0, 0, 0) 1x1, %2 € C((Zi7 UD)} CV, 

P; = {(0, 0, 0, 0, x1, X2, 0, 0) 1x1, X2 € C((Z)7 UT))} c V and 
Py= {000000 xX X2) 1X1, XE CC(ZpUD)} CV 

be a collection of complex neutrosophic modulo integer linear 


4 
subalgebras of V over Zi7. Clearly V = Up. sPPAP,=(0000 
i=l 


0000) ifi4#j, 1<i,j <4. Thus V is a direct sum of linear 
subalgebras. 

Take N = {(X1, Xo, X3, X4, Xs, Xe, X7, Xg) | x} € C(Zy7) and x; = 
ailp; aj € Zy7; ip = 16}c V; clearly N is a pseudo complex 
neutrosophic complex modulo integer pseudo vector subspace 
of V over Z)7. Clearly N is not a pseudo complex neutrosophic 
complex modulo linear subalgebra of V over Z7. 

Take B = {(X, Xo, X3, X4, X53, X6, X7, Xg) |X; € C(Z)7) where x; 
=a-+ big with a,b € Zy7; ie = 16} CB; clearly B is a pseudo 
complex neutrosophic complex modulo integer _ linear 
subalgebra of V over Z17. 

For if x = (2ip, 0, ip, 8ip, 3ip, 0, ip, 8i¢) is in N we see x.y = 
(2ip, O, ip, 8ip, 3ip, O, ip, Siz). Gir, Qi, Ip, ip, O, 8ip, ip, Dip) = 
(6.16, O, if ip, 8 ip ip, 3ip 0, O, 8ip, ip. ip, 8ip, Dip) = (11, 0, 16, 0, 
0, 16, 4) € N. Thus N is not closed under product so N is not a 
pure complex modulo integer linear algebra over Zj7. 

Let A = {(X1, X2, ..., Xs) |x; € (Zi77 UD = {a+ blla, be 
Zit P= I; 1 <i< 8} CV; Visa pseudo neutrosophic complex 
neutrosophic modulo integer sublinear algebra of V over Zj7. 
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Consider B = {(X), X2, ..., Xs) 1x; € Zi7 1 = {alla e Zy, P= 
I; 1 <i < 8} c V bea pure neutrosophic pseudo neutrosophic 
complex modulo integer linear subalgebra of V over Z)7. 


Now we can proceed onto define other properties which can be 
treated as a matter of routine we would provide more illustrate 


examples. 


Example 3.31: Let 


© Hla.e CUZ UD) 


Ai ai, aio 


= {a + bip + cl + ipdl la, b,¢,de¢ Zn; 2 = 10, P=]; Ge’ = 
101}; 1 <i< 12} and 


a, ay 
ay 4a 
as ag 
N= ae C(ZuiUT) 
ay ay 
ay Ay 
Ay, yy 


= {a + bip + cl + ipdl | a, b,c, de Zu; i2 = 10, P =I; Gel’ = 


101}; 1 <1 < 12} be two neutrosophic complex modulo integer 
vector spaces over Z1. 
Consider T: M — N defined by 


a, ay 

a, a, 4, a, a, 

T a, as ag] | _ | as a6 
a, a ay a, ay 

Ap Ay ALD 4, Aig 

Lai ar> 
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for every 


19 


a, a; 
as 4, 
eM. 
i “ay 
ai, Aig 


T is a linear transformation of M to N. 


We can define several other linear transformations from M to N. 


Example 3.32: Let 


a a, a3 
Ay as Ay 
M= a, € C (Zip UD) 
a, ag ay 
Aig Ay AD 


= {a + bip + cl + ipdl la, b,c, de Zio; i2 = 18, P =I; (ipl) = 


181}; 1 <i < 12} be a neutrosophic complex modulo integer 
vector space over the field Zj9. Define T : M > M by 


a, a, O a, 
ag 0 as 0.) 
Ve Ide Pane ae 
aj. 0 a, 0 


T is a linear operator on M. Several such linear operators can be 


ay a, 
T a, 4a, 
a, ag 
Ai a, 
defined. 
Suppose 
a, O a, 
we 0 a, 
a, O as, 
0 a, O 


a,€(<Z, UI>);1<Si<6-; CM 


be a complex neutrosophic modulo integer vector subspace of 


M over Z)o. 


We see T (W) C W; thus W is a invariant subspace of M 


over Zyo. 
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Consider 


a, ay a; 
0 0 O : 
P= a,e C(K<Z, UI>);1Sis6- CM; 
a, a, a 
0 0 0 
P is a complex neutrosophic modulo integer vector subspace of 
M over Zjo. 
We see 
a, a, a; a, O a, 
0 0 O}} |0 0 0 
a, as, a, 7 a, O a, 
0 0 O 0 0 0 
Thus P is also invariant under T. 
Consider n : M > M given by 
ay a, a3 ay ay a3 
a, a, a, a, O a, 
N a ? 
a, ag ay a, O a, 
Ao 8, AD ao O ay 


YN is a linear operator on M. But 7 (W) ¢< W so W is not 
invariant under 7. Further n (P) ¢ P so P is also not invariant 
under ), we can derive several properties like relating nullity 
and rank T with dimension of V, V a complex neutrosophic 
modulo integer vector space and T a linear transformation from 
V to W; W also a complex neutrosophic modulo integer vector 
space over the same field as that of V. We can combine two 
linear operators and find Hom, (V, V) and so on. 


Example 3.33: Let 


oe * i | 
dig. oe BD 


be a complex neutrosophic modulo integer vector space over the 
field Z;3. 
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Define f : V > Z)3 by 


a, a, i. Ay 20 
f = > Repart of a, (mod13) ; 


Ay, Ayn vs Aggy i=l 


f is a linear functional on V. 


Example 3.34: Let V = {(a), a2) 1a, € C (Z,U D) = {a + big + 
cl + idl |a, b,c, de Z,; % =6, P =I; (ipl = 61}; 1 Si < 2} 
be a neutrosophic complex modulo integer vector space over the 
field Z;. We define f : V > Z, by 

2 


f((ay, a2)) = >) Repart of a, (mod7). 
i=l 
For instance f ((3 + 4ip + 61 + 4igl), (6+2ip + 0.1 + 3ipl)) = 3 +6 
(mod 7) = 2 (mod 7). 

Thus f is a linear functional on V. Suppose instead of 
defining neutrosophic complex modulo integer vector space V 
over a field Z, if we define V over Z,, Z, a S-ring then we call 
V as a Smarandache neutrosophic complex modulo integer 
vector space over the S-ring Z,. 


We will give examples of this situation. 


Example 3.35: Let 


a, a, wag 
V= 4] a Ay - Ae ||ae C (Ze UD) 
Ai7 yg vee Ay 


= {a + bip+ cl + ipdl la, b,c, de Za}, 2 =77, P =1and (gl’ 


= 771}, 1 Si S$ 24} be a Smarandache complex neutrosophic 
modulo integer vector space over the S-ring Z7. 


Example 3.36: Let 


ai € C ((Zo4 U T)) 
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= {a + birt cl + ipdl | a, b, c, de Zs}, i, = 93, P =I and (igl)” 


= 931}, 1< i < 30} be the S-neutrosophic complex modulo 
integer vector space over the S-ring Zo4. 


Example 3.37: Let P = {(a1, a2, a3, a4, ..., 420) la; € C((Zio UD) 
= {a + bigt cl + ipdl la, b,c, de Zio}, ip = 9, P =I and (isl) = 
OT}, 1< a; < 20} be a S-neutrosophic complex modulo integer 
linear algebra over the S-ring Zio. 


Example 3.38: Let 
oa : Shy. As a 
ag Ay «. Ary 
= {a + bigt cl + ipdl | a, b, c, de Zss}, i = 33, P =I and (igl)” 


= 331}, 1 <i 14} be a S-neutrosophic complex modulo integer 
vector space over the S-ring Z34. 


a, € C ((Z34 UTD) 


It is important and interesting to note that every S- neutrosophic 
complex modulo integer vector space over the S-ring is in 
general not a S-neutrosophic complex modulo integer linear 
algebra but always a S-neutrosophic complex modulo integer 
linear algebra over a S-ring is a vector space over a S-ring. 


Example 3.39: Let 


5 ag 
. . a; € C (Zap U T)) 


Aig 7 Ag 


= {a + bip+ cl + ipdl la, b,c, d © Zas}, i, = 45, P = 1 and (ipl)? 


= 451}, 1< i < 18} be a S-neutrosophic complex modulo integer 
vector space over the S-ring Z4g. 

Clearly V is not a S-neutrosophic complex modulo integer 
linear algebra over Zug. 
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Example 3.40: Let 


ai Big whe SSG 
V=4J/a, a, -- ag {Jae C(ZuUD) 
Aig Ang + Ag7 


= {a + birt cl + ipdl la, b,c, de Zu}, i, = 13, P = Land (el’ 


= 131}, I< i < 27} be a Smarandache complex neutrosophic 
modulo integer vector space over the S-ring Zy,. 


Consider 
a, O .. O 
P=4/0 0 .. O}fa,a,e(Z,UD)> cV 
a, O .. 0 


is a Smarandache complex neutrosophic modulo integer vector 
subspace of V over Zia. 


Take 
00 .. 0 a a, 
M=,|0 0 ... O a, a,|Ja,;e CZ, UD);1<i<6-¢>CV 
0 0 O a, a, 


is a Smarandache complex neutrosophic modulo integer vector 
subspace of V over Zia. 


00... 0 
PAM=!//0 0... OJ|cV 
00 .. 0 


is the zero subspace of V over Zy4. 


Example 3.41: Let 


a, € C ((Zy6 UD) 
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= {a + birt cl + ipdl | a, b, c, de Ze}, i = 25, P =I and (igl” 
= 251}, 1<i < 18} be a S-neutrosophic complex modulo integer 
vector space of over Z6. 


Consider 
a a, a; 
0 0 O 
Wi= ji. ai, a2, a3 € C (Zp UI) 
0 0 O 


= {a + bigt cl + ipdl la, b,c, d€ Zp}, i; =21, P =I and (ipl)? 
=211}} cV, 


0 0 0 
a, a, 4, 
W2=4/0 0 0 /Iai,a, ae C (Zn UDC V, 
[0 0 0 
[Oo 0 O 
0 0 0 
weed| "re Ae 4 C (Zn UD)JCV 
= aj, a2, a3 € CV, 
3 0 0 0 1 2 3 22 
Eee ee 
fo 0 0 
0 0 0 
0 0 
Ws = a1, a2, a3 € C ((Za9 U Die V, 
a; a4, 4; 
0 0 0 
0 0 0 
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W;= aj, a2, a3 € C (Zn UD) V 


ooo Oo 
Ooo. 
oo Oo O 


and 


Wo = aj, a2, a3 € C (Zn UD)JCV 


Oo 2a co S&S 6S 
ao oOo Oo So © 


be S-neutrosophic complex modulo number vector subspaces of 


6 
V.V= LW, ; Wi 9 W; = (0) if i 4); 1 <i,j <6. Thus V is the 
i=l 
direct sum of S-neutrosophic complex modulo integer vector 
subspaces of V over Zx». 


Example 3.42: Let 


a, ay a; 
V=j/a, a, a, |laie C (Zs, UT) 
a, a, ay 


= {a + bigt cl + ipdl la, b,c, d € Zsa}, i, = 33, P =I and (ipl) 


= 331}, 1< i < 9} be a Smarandache neutrosophic complex 
modulo integer vector space over the S-ring Z34. 


Take 
a, O a, 
W,= 5/0 a, O jla, a, a3€¢ C(Z4UD)}CV, 
0 0 O 
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tae} 
w 
j=) 


aj, a2, a3 © C ((Z34 UD) }C V, 


fa, O O 
W3= 0 a, |} ai, a2, a3 € C (Zug UD) ICV, 


a, 
[9 0 O 
fa, O O 
Wsi= 5/0 O a, }lar, a, ae C (Zu UDC V, 
a, 0 O 
and 
fa, O O 
Ws=5/0 O O |Ja, a, a3 € C ((Z34 UTD)}cV 
0 a, a, 


be S-neutrosophic complex modulo integer vector subspaces of 
V over the S-ring Z34. Clearly 
0 0 0 


5 
LW, ; Win Wj# 0 0 0 
ms 000 


ifi4#j; 1 <j,j <5. So V is not a direct sum of W,, Wo, ..., Ws, 
but only a pseudo direct sum of W,, W2, ..., Ws of V. 

We can also define neutrosophic complex modulo integer 
vector space / linear algebra over (Z, U I). 

We will give only examples of them. 


Example 3.43: Let 


a, € C (Zo UTD) 
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{a + birt cl + ipdl la, b,c, de Zoo}, i2 = 28, P =I and (igl)” 
281}, 1< i S$ 16} be a neutrosophic complex neutrosophic 
modulo integer linear algebra over F = C ((Zo9 U TD). 


Example 3.44: Let 


5 a, 
‘ . a, € C (Zy9 UT)) 


a3) 39 433 


= {a + bipt cl + ipdl la, b,c, d€ Zao}, ig = 39, P = Land (ipl) 
= 391}, 1< i < 33} be a neutrosophic complex neutrosophic 
modulo integer vector space over ((Z4p U I)). 


Example 3.45: Let 


a a 
2 ii - aj € C((Zz9 U I)) 


437 3g 3g) Agg 
= {a + bigt cl + ipdl la, b,c, de Zo}, i, = 28, P =I and (ipl) 
= 281}, 1< 1 < 40} be a complex neutrosophic complex modulo 
integer vector space over the complex ring C(Z9) = {a + big | a, 
b € Zoo}, ip = 28}. 


Example 3.46: Let 
a, a, a, a, 
a; a, a) a 
V= ai € CZ. U T)) 
ay Ai ai) Ayo 


= {a + bigt cl + ipdl la, b,c, de Zio}, i, = 11, P =T and (igl)” 
= 111}, 1< 1 S$ 16} be a complex neutrosophic complex modulo 
integer linear algebra over the complex ring C (Zi2) = {a + bir | 


a, b€ Zio}, iz = 11}. 
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Example 3.47: Let 


no Ay {fare C (Zip UT) 


= {a + big+ cl + ipdl la, b,c, de Zio}, i, = 15, P =I and (igl)” 
= 15I}, 1< i < 20} be a complex neutrosophic complex modulo 
integer vector space over the complex ring C (Zi¢) = {a + big | a, 
be Zio}, ie = 15}. 


Example 3.48: Let 


V=4/a; a a, a, |jae C(Z4UD) 


= {a + bict cl + ipdl | a, b, c, de Zu}, % = 13, 2 =] and (igl” 


= 13]}, 1s i < 12} be a strong neutrosophic complex modulo 
integer vector space over the complex neutrosophic modulo 
integer ring C ((Z;4 U I)). Clearly dimension of V over S is 12. 


Example 3.49: Let 


a, a, 
V= ‘ ai € C (Z3 UTD)) 


Aig Ax29 


{a + birt cl + ipdI la, b, c, d © Zi3}, i, = 12, P =T and (ipl) 
121}, 1s i < 20} be a strong neutrosophic complex modulo 
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integer vector space over the modulo integer ring C ((Zi3 U J). 
V is finite dimensional and dimension of V over S is 20. 


Example 3.50: Let 


ay ay a; 
V= j/a, a, a jlaie C (Ze, UD) 
a, ag ay 


= {a + bipt cl + ipdl la, b,c, de Zg}, i2 =42, P =I and (ipl) 
= 421}, 1< 1 < 9} be a special complex neutrosophic modulo 
integer vector space over the neutrosophic complex modulo 
integer ring S =C ((Z4; UT)). 

Consider 


1 0 0;}/0 1 OJ;0 O 1/;0 O OF /0O 
B=34}/0 0 O7,;0 0 O},,0 O OF, 1 O O},)0 
0 0 0;|0 0 OJ/0 0 OJ/O O OF }O 


B is a basis of V over S. Clearly dimension of V over S is nine. 
However if S is replaced by (Z43 U I) or Za, or C (Zaz) the 
dimension is different from nine. 


Example 3.51: Let 


V=4/a, a a, ay |laje C ((Z37 UD) 
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{a + birt cl + igdI la, b, c, de Zs7}, i2 = 36, P =I and (igl)” 
= 36I}} be a strong neutrosophic complex modulo integer 


vector space over the ring S = C ((Z37 UI)). 
Take 


W=,/0 0 O O |laeC (Z;7UD); 1sis 8} 


as ag a, ag 


c V, W is a strong neutrosophic complex modulo integer vector 


space. 
Consider 
0 0 0 0 
P=]/a, a, a, a, |}aje C (Zs7) 
0 0 0 0 


= {a+ bipla, b © C(Zs)}, i; = 36, CC (Zs, UI))}; ISi <4} 
c V, P is only a pseudo strong complex neutrosophic complex 
modulo integer vector subspace of V over C (Z37). Clearly P is 
not a strong vector subspace of V over C ((Z37 U ID). 


Consider 
Oa, O a, 
B= 5/0 0 a, OjJae C(Z37UD) 
0 O a as; 


= {a+ bigla, b € Z37}, P=L;l<i< 6} c V; B is only a pseudo 
neutrosophic strong neutrosophic complex modulo integer 
vector subspace of V over the neutrosophic field (Z3; U I) € 
C((Z37 U I)). Clearly B is not a strong vector subspace of V over 
C ((Z37 UI)). 

Consider 


C= 4]/a, a, a, a, |}a€ Z37;1Si< 12} 
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Cc V, C is only a usual modulo integer vector space over Zy3. 
Thus C is a pseudo strong usual modulo integer neutrosophic 
complex vector subspace of V over Z37 C C((Z37 U I). Clearly 
C is not a strong vector space over C((Z37 U I)). Thus we have 
the following theorem. 


THEOREM 3.3: Let V be a strong neutrosophic complex modulo 
integer vector space / linear algebra over C ((Z, UI)). 
Then 
i. V has pseudo complex strong neutrosophic complex 
modulo integer vector subspace / linear subalgebra over C 
(Z,) = {a+ birla b €Z,, i, =p-—1CC((Z, UL). 
ii. V has pseudo neutrosophic strong neutrosophic complex 
modulo integer vector subspace / linear subalgebra over 
Zp, Ul) = {a+bllabeZ, P =I} CC (Z, VI). 
ill. V has pseudo real modulo integer strong neutrosophic 
complex vector subspace / linear subalgebra over Z, © C 


(Zp U1). 


Proof is simple and hence is left as an exercise to the reader. 
Example 3.52: Let 
oo a, a, 
a, ay 
= {at bigt cl + ipdl | i2 = 1, P =I and (ipl) = 1}, 1S i< 4} bea 


strong neutrosophic complex modulo integer linear algebra over 
the neutrosophic complex modulo integer ring. 


ai € C ((Z, UT)) 


CUZ, UD) M= {: | a;€ C(Z); 1Si<4} CV 


a, Ay 


be a pseudo real strong neutrosophic complex modulo integer 
linear subalgebra of V over Z, C C((Z, UD). 

Clearly M is not a strong neutrosophic complex modulo 
integer linear subalgebra of V over C((Z) U I)). 
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Consider 


a, a, 
Ps a, € C (Z)); 

a, a, 
{a + big | ie =l,a,be Z}; 1 <i<s 4} CV; P is a pseudo 
complex strong neutrosophic complex modulo integer linear 
subalgebra of V over C(Z2) C C((Z2 UD). 

Clearly P is not a strong complex neutrosophic modulo 

integer linear subalgebra of V over C((Z, U I)). 


B= a a, 

7 a ay 
= {a+blla, be Z, 2 =I} CCUZ, UD); 1Si<4} CV, isa 
pseudo neutrosophic strong complex neutrosophic complex 
modulo integer linear subalgebra of V over (Z> U I). Clearly B 


is not a strong complex neutrosophic modulo integer linear 
subalgebra of V over C((Z, U I)). 


aé CZ, UD) 


Now we proceed onto define the notion of set neutrosophic 
complex modulo integer vector space over a set. 


DEFINITION 3.3: Let V be a set of elements from C ((Z, UD) 
(the elements can be matrices with entries from C ((Z, UL) or 
polynomial with coefficients from C ((Z, UL)). Suppose S CZ, 
be a subset of Z,. If for allv € Vand s € S, sv =vs € V then we 
define V to be a set neutrosophic complex modulo integer vector 
space over the set S CZ, 


We will give examples of this situation. 


Example 3.53: Let 


X 
< Xy a, a, a, 
V= > ak ’ (x1, X2, X3, X4, Xs), : 
i=0 : a, a; a 
xX, 


a, x} € C(Z, UT); OS is 10, 1 Sj < 7} be a set complex 
neutrosophic vector space over the set {0, 1, 5} Cc Z,. 
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Example 3.54: Let 


X5g Xy9 X30 


xi € C((Zio UD); 1 < i < 30} be a set neutrosophic complex 
modulo integer vector space over the set S = {0, 1, 11, 12, 4, 7} 
C Zio. 


Example 3.55: Let 


Asg Asg 60 


a, € C((Za7 UI); {a + bip+ cl + ipdl la, b,c, de Zaz}, i; = 46, 


I =I and (ipl) = 461}, 1 <i < 9} bea set neutrosophic complex 
modulo integer vector space over the set S = {0, 1, 7, 16, 19, 42, 
43} © Zy7. 


Example 3.56: Let 


ai € C((Ziy UI); {a + bigt cl + ipdd la, b,c, de Zio}, if = 18, 
I =I and (ipl) = 18i¢}, 1 < i < 82} be a set complex 
neutrosophic modulo integer vector space over the set S = {0, 1, 
2, 14, 10, 5, 16} C Zyo. 
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Let us now give examples of set complex neutrosophic 
vector subspaces and subset neutrosophic complex modular 
integer subspaces of a vector space. The definition is left as an 
exercise. 


Example 3.57: Let 


a, 
7 a,}} a, a, .. aig 
Vesa |: 
i=0 . ay, a1 eee a5 
a 


a € C (Zyyp UD); {a + bipt cl + ipdl la, b,c, de Zio}, ie = 18, 


P = I and (ipl) = 181}, 1 < i < 20} be a set neutrosophic 
complex modulo integer vector space over the set S = {I, 0, 1, 2, 
2+ 3I, 18, 15], 61, 8+ 51} Cc (Zig UD). 

Consider 


10 Oj}la ses 
P= a.x., ; ; 
Dla gen ace 


155 


ai € C((Zip9 U TD); 1 < i < 10} C V, P is a set complex 
neutrosophic modulo integer vector subspace of V over the set 
S. 


Consider 
[ 0 
0 
ay 
ay 
8 a 
BS ee 
20 ee a a a 
0 
0 
[| 0 
0 0 0 a, 
0 O}|0 O a, O 
a, a,/|0 a, O O 
a, 0 O O 


ai € C (Zyy UD); 1< i < 9} Cc V, B is a subset complex 
neutrosophic vector subspace of V over the subset S = {0, 1, 2, 
18, 61, 8+ SI} C (Zip UD). 
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Example 3.58: Let 


20 
Wau) OE |? Sax a: € C (Zig UD) 
$ ‘ . a 


3 44 | i=0 
Arg Ang Ago 
= {a + big+ cl + ipdl la, b,c, de Za}, i = 42, P =I and (ipl) 
= 421}, O< i < 30} be a set neutrosophic complex modulo 


integer vector space over the set S = {0, 2, 22, 19, I} C C((Za3 U 
I)). Take 


a, a i ; 
P= 1 2 ae 
a; a, | j=0 


Cc V; P is a set neutrosophic complex modulo integer vector 
subspace of V over S. 


a, b, c, d, aj € C((Z43 UT); OSi < 12} 


Example 3.59: Let 


a, € C ((Zo3 UD) = {a + bipt cl + ipdl la, b,c, de Zp}, i2 = 


22, = I and (igl)* = 221}, 1< i < 30} be a set neutrosophic 
complex modulo integer vector space over the set S = {0, 1, 5, 
20, 18, 7} Zo3. 


Take 
/o Oo 0 
a, a, a, 

Me a, a; a iF a Oe as ae 0 i 
0 O O/}]|0 a, O.. O]]0 a, O 
0 0 0 


ai € C((Z3 VU I); 1S i < 6} C V; M is a set complex 
neutrosophic modulo integer vector subspace of V over S. 
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Now we provide examples of set neutrosophic complex 
modulo integer linear algebra over the set S. 


Example 3.60: Let 


a, € C (Zi, UD) = {a + bipt cl + ipdl la, b,c, de Zu}, 2 = 


10, P = I and (ipl)? = 101}, OS i S 72} be a set neutrosophic 
complex modulo integer vector space over the set S = {1, 2, 0, 
143], I, 2I+1}. Consider 


[Oo 0 0 0 

a a a a 

0 a 0 10 1 2 3 4 

B= : }Sex. 0 0 0 0 
a, 0 a3 | i=0 : : : 

[0 0 0 0 


ai € C (Zi, UD); 0 <i < 10} C V, B is a set neutrosophic 
complex modulo integer vector subspace over the set S. 

Now we see in example 3.60 we cannot define addition on 
V. So V is not a linear algebra. 


25 
Example 3.61: Let V = {daw a, € C((Z17 UT)) = {a + bigt 


i=0 


cl + ipdI 1a, b,c, d€ Zi7}, ig = 16, P =I and (iglY = 161}, 0 <i 


< 25} be a set neutrosophic complex modulo integer linear 
algebra over the set S = {0, 1, 4, 10, 12}. 


a; € C (Zi, UD) = {a + dip t+ 


i=0 


25 
Example 3.62: Let V = ps a,x! 


cl + ipdl | a, b,c, de Ziy}, i2 = 16, ? =I and (igl)’ = 161}, Oi 


< 25} be a set neutrosophic complex modulo integer linear 
algebra over the set S = {0, 1, 4, 10, 12}. 
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Example 3.63: Let 


aj € C((Z37 U ])) 


= {a + bip+ cl + ipdl la, b,c, d € Zs7}, i, = 36, P =I and (ipl) 
= 361},1< 1 < 30} be a set neutrosophic complex modulo integer 
linear algebra over the set S = {0, 1, 2, 3, 10, 18, 23, 31}. 


Example 3.64: Let V = {(a1, a, ..., a3) lai € C((Z31 UD) = {a 
+ birt cl + ipdI | a, b,c, d € Zai}, i; = 30, P =I and (igl)” = 
301}, 1< i S$ 31} be a set neutrosophic complex modulo integer 
linear algebra over the set S = {0, 1, 30}. 


We give examples of linear subalgebras. 


Example 3.65: Let V= 5|a, a, a.|| ae CZ 3 UTD) = {a 
a; ag ay 

+ bigt cl + igdI | a, b,c, d€ Zy)}, i2 = 42, P =I and Ggly = 

421}, 1s i S$ 9} be a set complex neutrosophic modulo integer 

linear algebra over the set S = {0, 4, 8, 24, 9, 41, 39}. We see on 

V we can define yet another operation product; so V becomes a 

set neutrosophic complex modulo integer strong linear algebra 


over S. We have the following interesting observations related 
with such the set algebras. 


THEOREM 3.4: Let V be a set complex neutrosophic modulo 
integer strong linear algebra over the set S. 


(i) V is a set complex neutrosophic modulo integer 
linear algebra over the set S. 
(ii) V is a set complex neutrosophic modulo integer 


vector space over the set S. 
However the converse of both (i) and (ii) are not true in 
general. 
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Example 3.66: Let 


ai € C((Zp3 U I)) 


= {a + bigt cl + ipdl la, b,c, de Zs}, i, = 22, P =I and (ipl)? 
= 221}, 1s i < 12} be a set complex neutrosophic modulo 
integer linear algebra over the set S = {20I, 0, 1 + 41, 5}. 

Clearly V is not a set complex neutrosophic modulo integer 
strong linear algebra over the set S. 

However V is a set complex neutrosophic modulo integer 
vector space over the set S. This proves the converse part for the 
claim (1) of theorem 3. 


Example 3.67: Let 


a, a, ay 
V= 5(,545543,4,4554¢,a7,ag, ay ), 
a, a, 


Ang Ax 439 

a € C((Z1, UD)= {a + bit cl + ipdl la, b,c, d © Zao}, iz = 10, 
I =Iand (ipl)? = 111}, 1< i < 30} bea set complex neutrosophic 
modulo integer vector space over the set S = {0, I, 1+I, 5+6I, 
101 + 3}. Clearly V is not set complex neutrosophic modulo 
integer linear algebra over the set S. Further it is not a strong 
linear algebra as it is not even a linear algebra. Hence converse 
of (ii) of theorem is verified. 


Example 3.68: Let V = {(ai, a2, ..., ai); where a, € C ((Ze7 U 
I))= {a + bist cl + ipdl | a, b, c, d © Ze7}, if = 66, P =I and 
(ipl)? = 661}, 1< i < 11} be a set complex neutrosophic modulo 
integer strong linear algebra over the set S = {0, 1, I, 20 + 331, 
40 + 41, 5+171, 201 + 41}. Clearly V is a set complex 
neutrosophic modulo integer linear algebra over the set S. V is 
also a set complex neutrosophic modulo integer vector space 
over S. 
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Now we will give examples of these structures. 


Example 3.69: Let 


V= a, a, 
a, a, 
= {a + bigt cl + ipdl la, b, c, de Zs}, % = 12, P =I] and (igl” 


= 12I}} be a set complex neutrosophic modulo integer strong 
linear algebra over the set S = {0, 1, 2, 5, 7, 10, O}. 


whe 


is a set complex neutrosophic modulo integer strong linear 
subalgebra of V over S. 


gig 


is also set complex neutrosophic modulo integer strong linear 
subalgebra of V over S. 
Take 


me 


M is only a pseudo set complex neutrosophic strong linear 
subalgebra of V over S as M is not a strong set linear subalgebra 
of V over S as product is not defined on M. 

If we take 


r=H[5 oll alle &] 


Cc M, P is only a pseudo set complex neutrosophic modulo 
integer subspace of V over S as in P we see the sum of two 
elements. 


ai E C ((Zi3 U I) 


ai€ C ((Zi3 UD); SiS 3} CV 


ai € C ((Zi3 UD); $i <2} CV 


a @ C (Zig OD); 1S TE 2} CV, 


aj, a2, a3 € C ((Z)3 UT))} 


Hence the claim. 
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Example 3.70: Let 


a, a, a, 
V=4/a, a, a, || aia, a3 € CZ UD) 
a, ag ay 


= {a + birt cl + ipdl la, b,c, de Zio}, 12 = 18, P = Land (igl” 
= 18I}} be a set complex neutrosophic modulo integer strong 
linear algebra over the set S = {0, 1, 1+3, 9+8I, 3, 21}. 

Consider 


0 
O}lac(Z,, UD)$ CV 
0 


0 
0||be(Z, UD); cV 
0 0 b 


be a set complex neutrosophic modulo integer strong linear 
subalgebra over S of V. 


P,= 


a ee onan 
oo) 


and P,= 


However we may not be in a position to write V as a direct 
sum of strong linear subalgebras. 


Example 3.71: Let V = {(aj, a2, a3, 4, 45, a6, 7, ag) la; Ee C (Zs 
UI)) = {a + big+ cl + ipdl | a, b,c, de Zso}, ig = 4, I =I and 
Gap = 4I}} be a set neutrosophic complex modulo integer 
strong linear algebra over the set S = {0, 1, 1+ 3, 21+ 4}. 

Consider P, = {(a;, 2,000000)laja,e€ CZs UD)} 
V, Po = {(0, 0, aj, a2, 0000) 1a), a € C (Z5 UT))} CV; P3 = 
{(0, 0, 0, 0, a1, a2,00) lai, a2 € C (Zs UT))} Cc V and Py = {(0 
00000, a, a2) | ay, a2 € C (Zs UTD)} CV; Pi, Po, P3 and Py 
are set complex neutrosophic modulo integer strong linear 
subalgebras of V over the set S. 


4 
Clearly V = Clearly JP, ; P, 7 P) = (0000000 0) if 
i=l 
1#j;1<j,j <4. V is a direct sum of strong linear subalgebras 
over the set S. Let us consider the following examples. 
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Example 3.72: Let 


a, a, a, 
V= s/a, a, a}|/ ae C(Z,UD) 
a, Ag, ay 


= {a + birt cl + ipdl | a, b, c,d € Zs}, if = 2, P =I and (ipl) = 


21}; 1 <i <9} be a set complex neutrosophic modulo integer 
strong linear algebra over the set S = {0, 1, 1+, 2+2I, 2}. 


Consider 
0 O 
Ph=3/0 a, 0 a,E€ C((Z, UI));1Sis3¢ CV, 
a, O 0 
Py = 5| a, a, € C((Z, Ul));1 Si <3> Cc V and 
0 0 O 
) 
P3= 5/0 O a, jja,e CZ, UD);lsis3- CV 
O a, a, 


are only pseudo set complex neutrosophic modulo integer 
strong linear subalgebras of V. They are pseudo strong as they 
are not closed under product, that is product is not closed on P,, 
P, and P3. 


3 
But we see V = Up, >;P, OP, =(0) ifi4j; 1 Sj, j <3. Thus 
i=l 
V is only a pseudo direct sum and not a direct sum of strong 
linear subalgebras. Now having seen properties one can define 
linear transformations provided they are defined on the same 
set. 


Example 3.73: Let 


a, a, a; 
V=4/a, a, a,|| ae CQ(Z3UD) 
a Bins Ae 
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= {a + bigt cl + ipdl la, b, c, de Zs}, if = 12, P =Tand (isl) = 


121}; 1 <i < 9} be a set neutrosophic complex modulo integer 
strong linear algebra defined over the set S = {0, I, 41, 2 + 71, 91, 


8,143}. 
Consider 
ap By By By 
a. a a, a 
M= eee ae C Zag DY 
Ay Ay Ay ayy 


= {a + bip+ cl + ipdl la, b,c, de Zis}, i; = 12, P =T and (ipl)? 


= 121};1<i < 16} bea set neutrosophic complex modulo integer 
strong linear algebra over the same set S. 
We define T : V > M by 


a, a; a, O 
A; as as 1 2 3 
a, a; a, O 
Tila, a; a,|]/= 
0 
a, a a ee eee 
7 8 9 
0 0 0 0 


T is a strong linear transformation from V to M. 
Suppose we define P : V > M by 


a, a, a O 

M82 8 ae OO 
EU Ae Ba Pelle le a ae oP 
pa somes iGO 


P is not a strong linear transformation from V to M only a linear 
transformation from V to M. 

We can derive all related properties with appropriate 
modifications. This task is left as an exercise to the reader. 


Now we proceed onto define the notion of semigroup 


neutrosophic complex modulo integer vector spaces / linear 
algebras over a semigroup. 
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DEFINITION 3.4: Let V be a set neutrosophic complex modulo 
integer vector space over the set S. If S is an additive semigroup 
then we define V to be a semigroup complex neutrosophic 
modulo integer vector space over the semigroup S. 


We will give examples of this situation. 


Example 3.74: Let 


a; 
i a, a, «. Ay ‘ 
Vou ax aq oa a > Tape C (Zip UD) 
= i* >| 411 12 tt 420 Jo] i 19 
i=0 : 
Ay, Ago 30 
ays 


= {a + bip+ cl + ipdl la, b,c, de Zio}, i; = 18, P =I and (ipl) 
= 181}; 0 <i < 30} be semigroup complex neutrosophic modulo 
integer vector space over the semigroup Zi. 


Example 3.75: Let 


a, ay a3 
ai, Vale. dag.” 7a 


9 
a. a, a, |,(a,a a,.),> aX" i 
5 6 7 8? Le 2 E204 2 i ? : 
i=0 .. 


ay Aig ay ary 


< 
Il 
~ 


43; Az, 33 


a. € C (Ze; Ul))= {a + bizt cl + idl la, b,c, de Zig}, if = 60, 


I =I and (ipl) = 601}; 0 < i < 33} be a semigroup complex 
neutrosophic modulo integer vector space over the semigroup 
C (Zo) = {a + bipla, b © Ze}, ig = 60}. 


Example 3.76: Let 


Ae Tae By 
a, a, «. ay4]]a, a, a, 
Ae: sel ae 
Vas) 0, s} ys Aye eve Ang |] Ay As AG ],(A,,Ay5...5855) 
Ang a3 ees Ayo a, ag ay 


437 Az, Azo 
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ai € C ((Zo3 UI))= {a + bit cl + ipdd | i2 = 22, P =I and (igl)’ 
= 221}; 1 < i < 42} be a semigroup neutrosophic complex 
modulo integer vector space over the semigroup S = (Zp). 


We can define semigroup complex neutrosophic modulo integer 
linear algebra over a semigroup S under addition. We give only 


examples of them. 


Example 3.77: Let 


ai € C ((Zy9 UT) 

437 3g 3g Ag 
={a + birt cl + igdI | a, b, c,d € Zo}, if = 28, ? =I and (igl) = 
281}; 1 <i < 40} be a semigroup neutrosophic complex modulo 


integer linear algebra over the semigroup Zy9 = S. 


Example 3.78: Let 


a, ay Ayo 
a Bins | dee 3a 
13 4 24 
V= a€ C(Zi7 UT)) 
Ay; Ang ve G6 
A37 sg Ayg 


=(a + bigt cl + ipdl la, b,c, de Zig}, 12 = 16, ? =I and (ipl)? = 


161}; 1 <i < 48} be a semigroup neutrosophic complex modulo 
integer linear algebra over the semigroup S = Z)7. 


Example 3.79: Let 


®llaeC(Z,UD) 
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= {a + birt cl + ipdl la, b, c,d € Zy}, if = 6, P =I and (ipl) = 


61}; 1 <i < 16} be a semigroup neutrosophic complex modulo 
integer linear algebra over the semigroup S = Z7. 


Example 3.80: Let V = {(a1, a, ..., a5) lai € C (Zi3 U D)= {a 
+ bipt cl + idl | a, b,c, de Zis}, ip = 12, P =I and (ipl) = 
121} 1 <i < 25} be a semigroup complex neutrosophic modulo 
integer strong linear algebra over the semigroup S = Zj3. 


We have three types of substructures associated with 
semigroup neutrosophic complex modulo integer strong linear 


algebra. 


Example 3.81: Let 
V=4\a, a, a,|| ae C (Zi UD) 
= {a + bigt cl + ipdl | a, b, c, de Zio}, i = 18, P =] and (ipl” 


= 181}; 1 $i <9} bea semigroup complex neutrosophic modulo 
integer strong linear algebra over the semigroup S = (Zi9 U I). 


a, 4, a; 
W=5/0 a, a,|| ae C(ZiUD); 15156} 
0 0 a 


be semigroup complex neutrosophic modulo integer strong 
linear subalgebra of V over the semigroup S. 


Take 
a, O O 
M=;/0 a, 0O]] ae C(ZoUD); 1sis3}, 
0 O a, 


a semigroup complex neutrosophic modulo integer strong linear 
subalgebra of V over the subsemigroup T = Zj9 CS. 
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a, a, O 
B=3}a, 0 Ojj/aeC(ZoUD);1sis3}cVv 
0 0 0 


is only a pseudo semigroup complex neutrosophic modulo 
integer strong linear subalgebra of V over S. Clearly B is not 
closed with respect to product as 


a, a, O; |x y O a,Xta,z ay O 
a, O O}}z O OJ = a,X a,y 0|¢B 
0 0 O]|0 0 0 0 0 O 
where as 
a, a, O x y O 
a, O O|jand|z 0 0 
0 0 0 0 0 0 


are in B. Hence B is only a semigroup complex 
neutrosophic modulo integer linear subalgebra over the 
semigroup which is not a strong linear subalgebra over the 
semigroup S. Take 


a, 0 O]f0 0 0]f0 0 a, 
P={/0 0 O|J/0 0 0j,0 0 0 
0 0 O}|0 0 a,JJ0 0 0 


ay, a, a3 € C ((Zi9 UT))} C V, P is only a pseudo semigroup 
neutrosophic complex modulo integer pseudo vector subspace 
of V over S. Clearly V is not closed with respect to addition or 
multiplication. Hence we see we can define several types of 
substructures in case of strong linear algebras defined over 
semigroups. 


Example 3.82: Let 


a, a, a; a, 443 
a a a a a 
4 5 6 2 14 
V= 1(8, 52554445 Ag) . . 
a. <p “Ss 
Aig Ay, AD Ay Any 
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a, € C ((Za7 UI) = {a + bigt cl + ipdd la, b,c, de] Zaz}, ip = 
46, = I and (ipl)? = 461}} be a semigroup neutrosophic 
complex modulo integer vector space over the semigroup S = 
Za. 

Clearly V is not a semigroup complex neutrosophic modulo 
integer linear subalgebra or V is not a semigroup complex 
neutrosophic modulo integer strong linear subalgebra. 


Example 3.83: Let 


aj € C ((Zi7 U I) 


= {a + bigt cl + ipdl la, b,c, d © Zig}, i, = 16, P = 1 and (ipl) 
= 16I}, 1 < 1 < 12} be a semigroup neutrosophic complex 
modulo integer linear algebra over Z7 the semigroup. 

Clearly V is not a semigroup neutrosophic complex modulo 
integer strong linear algebra over the semigroup Z}7. 

But consider 


a a, a, 

M= 0 0 a= C ((Z7 U I) 
0 0 
ay as ag 


= {a + bigt cl + ipdl la, b, c, de Zi}, i = 16, P =] and (igl)” 
= lol}, 1 < 1 < 6} Cc V is only a semigroup complex 
neutrosophic modulo integer linear subalgebra of V over the 
semigroup S = Z)7. 

We can define linear transformation of two semigroup 
neutrosophic complex linear algebra only they are defined over 
the same semigroup S. 


We give examples of them. 
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Example 3.84: Let 


= 
2 

i) 
2 

w 


fet) 


6 || ae C CZ UD) 
a, ag ay 


= {a + bigt cl + ipdl la, b,c, d € Zo}, i, = 28, P =I and (ipl)? 
= 28I}} be a semigroup neutrosophic complex modulo integer 
strong linear algebra over Z29. W = {(a1, a2, a3, a4, 5, Ao, 7, ag, 
ao) | ai EC ((Zo9 U T)) = {a + bigt cl + igdl | a, b, c, d € Zo}, 
i, = 28, P =I and (igl)” = 281}1 <i < 9} be a semigroup 
complex neutrosophic modulo integer strong linear algebra over 
S = Zo0. 
Define T: V-— W_ where 


a, a, a, 
T/]a, a; a6 || = (a1, a, a3, a4, as, a6, a7, Ag, Ao)5 
a, ag ag 


T is a linear transformation from V to W. 
Let n : V > V be defined by 


a, a, a, a, O O 
N} la, as as} |=} O a, a, 
a, ag ay O a; a, 


7 is a linear operator on V. 


Now we can derive several related properties with some simple 
appropriate changes. Now we proceed onto define the notion of 
group neutrosophic complex modulo integer vector space /linear 
algebra / strong linear algebra over a group G. 

If V is a set with zero of complex neutrosophic modulo 
integers and G to be a group of integers addition. We call V a 
group neutrosophic complex modulo integer vector space over 
the group G if 


1) for every ve V andge Gand gv and vg are in V. 
ii) 0.v=0 for every v € V and 0 the additive identity of G. 
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We give examples of them. 


Example 3.85: Let 


ay 


a, a, a a a, a 
1 2 3 2 1 2 

V= } : (0,385 | 
a, a, a, ; a, a, 
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ai € C (Za, UD))= {a + bist cl + ipdl la, b,c, de Zaz}, if = 46, 
P = I and (ipl) = 461}; 1 < i < 24} bea group complex 
neutrosophic modulo integer vector space over the group G = 
Za7 under addition. 


Example 3.86: Let 


a ay aio 
M= 4] a, ap + Any || a € C (Za UT)) 
Ax, Any A39 


= {a + bigt cl + ipdl la, b,c, de Zyo}, i, = 28, P =I and (ipl) 
= 281}; 1 <i < 30} be a group neutrosophic complex modulo 
integer linear algebra over the semigroup G = Zn. 


Clearly M is also a group complex neutrosophic modulo 
integer vector space over the group. However V in example 


3.78 is not a linear algebra only a vector space. 


Example 3.87: Let 


aj € Cc ((Z3 U ])) 
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= {a + birt cl + ipdl la, b, c, de Zs}, i = 22, P = Land (igl’ 


= 221}; 1 <i < 16} be a group neutrosophic complex modulo 
integer strong linear algebra over the group G = Zp. 


Example 3.88: Let 


a, a, ay 

aoa a 

1 a, 4 
V= ftir ; 
a, a, 


Ag Ang = A359 


a € C (Zi UD) = {a + bigt cl + ipd la, b,c, de Zu}, ip = 
10, P =Land (ipl)? = 101}; 1 <i < 30} bea group neutrosophic 
complex modulo integer vector space over the group G = Zj;. V 
is not a group neutrosophic complex modulo integer linear 
algebra over G = Zj). 

Clearly V is not a group neutrosophic complex modulo 
integer strong linear algebra over the group G = Z),. 


Example 3.89: Let 


5 a6 
; ai € C ((Z3 UT)) 
43° 44 As 
= {a + birt cl + ipdl la, b,c, de Zs}, i, = 22, P = Land (gl’ 
= 221}; 1 <i < 15} be a group neutrosophic complex modulo 


integer linear algebra over the group G = Z);. 


Clearly T is not a group complex neutrosophic modulo strong 
linear algebra over G. 
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Example 3.90: Let 


a; ag 
a, a, 
V= sla, a || ae C(Z,UD) 
a, Ay 
as ayy 


= {a + birt cl + ipdl | a, b, c,d € Zy}, 2 = 6, P =I and (ipl) = 
61}; 1 <i < 10} and 


P= * a, 43 “1 
Bin Bie? As Bie 


= {a + bipt cl + Idip la, b,c, d€ Z;, i2 =6, (ipl) = 61, P=}; 1 


F 


aé C(Z, UD) 


<1i< 8} be a group complex neutrosophic modulo integer linear 
algebra over the group G = (Zz, +). 
Define n : MP 


7] is a linear transformation from M to P. 
If T : M > M such that 


a, a a, a, 
ae ody 0 0 
T//a, ag]|=]a, a, 
a, ay 0, O 
as Ayo as As 


then T is a linear operator on M. 
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We can derive almost all properties for group neutrosophic 
complex modulo integer (strong) linear algebra defined over the 
group G. 

We can also find Homg (V, W) and Homg (V, V) study the 
algebraic structure enjoyed by them. 

Also study the substructure and writing them as direct sum 
and pseudo direct sum can be taken as a routine exercise by the 
interested reader. 
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Chapter Four 


APPLICATIONS OF COMPLEX 
NEUTROSOPHIC NUMBERS AND 
ALGEBRAIC STRUCTURES USING THEM 


In this chapter we study the probable applications of 
complex neutrosophic reals and complex neutrosophic modulo 
integers. 

It is pertinent to keep on record such study is very dormant; 
we can say solving equations and finding solutions in C(R U 
I)) = {a + bi+ cl + Idi la, b,c, de R; rest} has not been 
carried out. 

Clearly this set C((R U I)) contain R and the algebraically 
closed field namely the field of complex number C = {a + ib 
where a, b € R} as proper subsets. 

Thus we can say this extended like field will also give the 
roots when the roots are inderminates. We can denote the 
complex neutrosophic number by the 4 - tuple (a, b, c, d) the 
first coordinate represents the real value, the second coordinate 
the complex coefficients, the third coordinate the neutrosophic 
coefficient and forth coordinate the complex neutrosophic 
coefficient and (a, b, c, d) = a + bi+clI + idl. 
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Study of the eigen values as complex or indeterminate 
stands as one of the applications. 
Further the notion of complex modulo integers C(Z,) is 


itself very new. Here the complex number ig is defined as i; = 


n— 1 when Z, is taken into account. As n varies the value of the 
finite square of the complex number also vary. 


Hence C(Z,) = {a + big | a, b € Z, and i; =n-— 1}. Thus 
C(Z3) ={a + biz | a, b € Z3 and if = 2}. Now in due course of 
time these new structures will find very many applications. 


Finally the notion of complex neutrosophic modulo integers 
is defined. This is also represented as a 4-tuple with a special 
value for the finite complex number ig, ip is defined as i = 
n—1 and (lip)” =(n—- DL 

Thus C((Z, U I))={a + bip+ cl + idl la, b,c, de Zy; i = 
n-1,P =I and Gil)’ = (n- DI}. 

These new structures are given algebraic structures like 
groups semigroups, rings, vector spaces and linear algebras and 
they will find application in due course of time once this 
research becomes popular. 
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Chapter Five 


SUGGESTED PROBLEMS 


In this chapter we suggest over 150 problems some at research 
level and some just routine exercises. 


1. Obtain some interesting properties enjoyed by 
(a) neutrosophic complex reals. 
(b) neutrosophic complex modulo integers. 
(c) neutrosophic complex rationals. 


2: Can any geometrical interpretation be given to the field of 
neutrosophic complex numbers C ((Q U I))? 


3. Can C ((Z UI)) be a Smarandache ring? 


4. Is {(a1, a2) | aj, a2 € CZ U J) under product x} a 
Smarandache semigroup? 
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a 
Let V= 4|°? || a, e C(Q UD), i= 1, 2, 3, 4, +} bea 


group. 

1) Define a automorphism n : V — V so that ker 1 is a 
nontrivial subgroup. 

ii) Is V=C@QUT)) x CKCQUT)) xX CCQ UD) x CKQ 
UD)? 


a, a, 
Let M = 
ai, Ay 


semigroup under multiplication. 

1) Prove M is a S-semigroup. 

ii) Is M commutative? 

iii) Find at least three zero divisors in M. 

iv) Does M have ideals? 

v) Give subsemigroups in M which are not ideals. 


ai € C(QUD), 1 Si <4} bea 


a a, a; 


= 4 5 As : 
Let S = a; € C((QUD), 1 <i< 12} be 


Aig yy AD 


a neutrosophic complex rational semigroup under ‘+’. 
i) Find subsemigroups of S. 

ii) Can S have ideals? 

iii) Can S have idempotents? 

iv) Can S have zero divisors? Justify your claim. 


a, a, 
Let V = 
a, ay 


semigroup of neutrosophic complex rationals under 
product. 


ae C(Q UD), 1 <i<4} bea 
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10. 


11. 


12. 


13. 


14. 


15. 


i) Is V commutative? 

ii) Can V have idempotents? 

iii) Does V have a subsemigroup which is not an ideal? 
iv) Give an ideal in V. 

v) Can V have zero divisors? 

vi) Is V a Smarandache semigroup? 

vii) Is V a Smarandache commutative semigroup? 


Let V = (: x a 
Ag sve Aigg 

a complex neutrosophic group under addition. 

a) Is V commutative? 

b) Find subgroups of V. 

c) Finda subgroup H and describe V /H. 


d) Define n : V > V so that 


000 0... 0 
ker 7 # : 
r 000... : 


e) Find: V— Vso that 7" exists. 


a € C(Q UD), 1 <i< 20} be 


Prove C((Z U I)) is a group under addition and only a 
semigroup under multiplication. Is C ((Z U I)) an integral 
domain? Justify your claim. 


Is C(Q UD) = {a + bi+ cl + idl la, b, c, de Q} a field? 
Is C(Q UD) a prime field? 


Can one say for all polynomials with complex 
neutrosophic coefficients C ((R U J) is the algebraically 
closed field? 

Can C((R U 1D) [x] have irreducible polynomials? 

Find irreducible polynomials in C({Q U I))? 


Find irreducible polynomials in C((Z U TD)? Is every 
ideal in C(Z U D)) principal? Justify your claim. 
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16. 


17. 


18. 


19. 


20. 


21. 


22. 


23, 


24. 


25: 


a, b,c, de C(ZUD)}. 


; a b 
Study the ring P = { | 
c d 


wort 


group? Is G simple? 


ad — be #0, a, b, c, dJe C(ZUD)} a 


Find zero divisors in P mentioned in problem (16) 


What are the advantages of using the algebraic structure 
CR UT)? 


Give some uses of this complete algebraic structure 
CRUD). 


a, 


a b 
What is the cardinality of the semigroup S = [ ; 
c 


b,c, d,€ C((Z, UD), x}? 


b 
Find the number of elements in T = (i: | a, b, c, 
e 


d, e, fe C((Z; UD)}, the semigroup under addition. 


meee 


a) Find ideals if any in M. 

b) Is Ma S-ring? 

c) What is the order of M? 

d) Can M have S-zero divisors? 
e) Does M contain idempotents? 


a, b,c, d, € C((Zs UT))} a ring?. 


Is C((Zi1p UD) a field? 


Prove C((Zos U I) can only be a ring. 
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26. 


27. 


28. 


29. 


30. 


31. 


32, 


33. 


34. 


Can C((Zi2 U I)) be a S-ring? Justify. 

Can C((Zs U I)) have S-ideals? 

Find ideals in C((Z¢ U T)). 

Find maximum ideals of C((Zig U I)). 

Find S-zero divisors and S-units if any in C((Zo4 U I)). 

Is C((Z,,; U I)) a Smarandache semigroup under product? 


Does S = C((Zis U I)) have S-ideals where S is a 
semigroup under x? 


Let R = C((Zo4 U T)) be a ring. 

i) Find S-subrings of R. 

ii) Can R have S-ideals? 

iii) Does R contain S-subrings which are not ideals? 

iv) Find zero divisors in R. 

v) Is every zero divisor in R a S-zero divisor? 

vi) Find S-idempotent if any in R. 

vii) Determine the number of elements in R. 

viii) Is R a S-ring? 

ix) Find an ideal I in R so that R/1 is a field. 

x) Does there exist an ideal J in R so that R/J is a 
S-ring? 


Let V = {(X1, Xo, X3, X4, Xs) 1x; € CZ), UD); 1 Si <5} 
be a vector space over Z). 

i) Find dimension of V. 

ii) Is V finite dimensional? 

iii) Find a basis for V. 

iv) Find subspaces of V. 

v) Find Hom, (V, V). 


vi) Find a linear operator T on V so that T' does not 
exist. 
vil) Write V as a direct sum. 
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3D: 


36. 


viii) Write V as a pseudo direct sum. 
ix) Define a T : V > V and verify Null T + Range T = 
dim V. 


Let Ve {: a, a, a, 4, 
a a, ag ay ayy 

< 10} be a set complex neutrosophic linear algebra over 

the set S = 3Z U SZ. 

i) Finda basis of V. 

ii) Is V finite dimensional? 

iii) Write V as a direct sum. 

iv) Write V as a pseudo direct sum. 

v) Obtain conditions on a linear operator T of V so that 
T'' exists. 

vi) Can V have subset complex neutrosophic linear 
subalgebras? 

vii) Find the algebraic structure enjoyed Homs (V,V). 

viii) Can V be a double linear algebra? 


a, € C(Z UD); 1 Si 


a, ay 
a “As. hh HAyp 
Let V = 4/a, a,], (a1, a2, a3), | 
ee Ay, Ayn Ang 
ra) 6 


5 
Yaa| be a set neutrosophic complex vector space with 
i=0 


a, € C((Q UD), 0 <i¥ 20 over the set S = 7Z U 3Z. 

i) Finda basis for V. 

ii) Is V finite dimensional? 

iii) Write V as a direct sum of subspaces. 

iv) Find a linear operator on T so that T"' does not exist. 

v) Does V contain subset vector subspace? 

vi) Can V be written as a pseudo direct sum? 

vii) Let V = W, ®...® Ws, find projection E on V and 
describe their properties. 
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37. 


38. 


a a, «. ag], be 
Let V= 5; a, ag .. ay daa’ i a, |} ai 
i=0 a, a4 
43° Ag +  Ayg as 
eC ((Q UJ), 0 <i < 21} be a special set neutrosophic 
complex vector space over the set S = ZI U 3Z U5ZU 
C (Z). 
i) Find a basis. 
it) What is the dimension of V over S? 
iii) Does there exists a subset vector subspace W of 
dimension less than five over a subset T of S? 
iv) Write V as a direct sum of set subspaces. 
v) Find a non invertible linear operator on V. 
vi) Write V as a pseudo direct sum and define 
projections. Is that possible? 


Let V = ( ‘ 
a, a, 

semigroup neutrosophic complex double linear algebra 

over S = Z. 

i) Finda basis of V over Z 

ii) What is the dimension of V over Z? 

iti) If Z is replaced by C (Z) what is dimension of V? 

iv) If Z is replaced by (Z U I) what is dimension of V? 

v) If Zis replaced by C((ZUI)) what is dimension of V? 

vi) Is Z is replaced by C(Q) what is dimension of V? 

vii) If Z is replaced by Q what is dimension of V over Q? 

viii) If Z is replaced by (Q U J) what is dimension of V 
over (QUT)? 

ix) If Zis replaced by C((Q U I) what is dimension of V 
over C((QUI))? 

Compare the dimension in (ii) to (viii) and derive 

conclusions based on it. 


ae C(QUD), 1 <Si< 4} bea 
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39. 


40. 


41. 


42. 


43. 


44. 


2 43 
Let V= 5|a, a, a,|| ae C(ZUD), 1<is9} bea 
a; ag ay 

group complex neutrosophic double linear algebra over 

the group Z. 

i) Finda basis of V. 

iit) Does V have complex neutrosophic pseudo double 
linear subalgebras? 


Let V = C ((Z; UI) be a semigroup under multiplication. 
i) Is Va S-semigroup? 

ii) Find order of V. 

iii) Find zero divisors if any in V. 

iv) Can V have S-zero divisors? 

v) Can V bea group? 

vi) Can V have S-units? 

vit) Can V have S-subsemigroups? 


Let M = {a+ bi+cl+idI la, b,c, de Z.} be a semigroup 
under multiplication. 
Study questions (1) to (vii) suggested in problem 40 for V. 


Prove G = C ((Zg U I)) can be a group under addition and 
only a semigroup under multiplication. Find order of G. 


Let G=C (Z, UD); 

1) Is Ga group? 

iit) Can G bea ring? 

iii) Can G be a field? 

iv) What is the strongest algebraic structure enjoyed 
by G? 


Let R = C ((Zjo U I) be a complex neutrosophic ring. 
i) Find the order of R. 

ii) Is Ra S-ring? 

iti) Can R have S-subrings? 

iv) Can R have subrings which are not S-ideals? 

v) Can R have S-idempotents? 
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45. 


46. 


47. 


48. 


49. 


50. 


51. 


52. 


23: 


vi) Does R contain zero divisors which are not S-zero 
divisors? 

vii) Define n:R > R so that I = ker 17 is a proper subring 
of R; so that R/T is a field. 

viii) Can R have Zio as its subring? 

ix) Is C(Zjo) a subring of R? 

x) CanR have S-units? 

xi) Does there exist an ideal I in R so that R/I is a field? 


Let V = CZ; UD) = {a+ bi+ cl + idl 1a, b,c, de Zs} 

be a complex neutrosophic vector space over the field Z3. 

i) Finda basis for V. 

iit) Write V as a direct sum. 

iii) Write V as a pseudo direct sum. 

iv) Find subspaces of V so that V is neither a direct sum 
nor a pseudo direct sum. 

v) Find the algebraic structure enjoyed by Hom, (V,V). 


vi) What is the algebraic structure of L (V, Z3)? 


Find some interesting properties of set complex 
neutrosophic vector space defined over the set S. 


Study the special properties associated with the 
neutrosophic complex modulo integer ring C((Zo9 U I)). 


What are the distinct properties of the complex modulo 
integer C(Z,); n not a prime? 


Enumerate the properties of the complex modulo integer 
C(Z,); p a prime. 


Find the zero divisors and units of C(Z>4). 
Find an ideal I in C(Z)28) so that C(Zj2)/I is a field. 


Does there exist an ideal I in C(Zy49) so that C(Zy9)/I is a 
field? 


Find a subring S in C(Z,) so that S is not an ideal. 
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54. 


53: 


56. 


Di 


58. 


59. 


60. 


Is every complex modulo integer ring a S-ring? 


Find a necessary and sufficient condition for a complex 
modulo integer ring S = C(Z,) to have ideals I such that 
the quotient ring is never a field. 


Does every C(Z,) contain a zero divisor? Justify your 
claim. 


Can every C(Z,) be a field? 


Is every element in C(Z7) invertible? 


Let G= a; a, a, ag a, € C(Z)) = {at big | a, 
ay Aig ai aio 


be Z, i; = 1}; 1 <i < 12} be a complex modulo integer 

group under addition. 

i) Find the order of G? 

ii) Find three subgroups and verify Lagranges theorem 
for G. 

ii) Does G have p-Sylow subgroup? 

iv) Does G satisfy Cauchy theorem for finite abelian 
groups. 


aaaa 
v) What is the order of A= 4;a a a aj whereae 
aaaa 


C(Z2)}? 


Let G= {da 
i=0 


a,€ cz,| be a set. 
i) CanG bea group under addition? 
ii) Will G bea group under multiplication? 
iti) Will G be a semigroup of complex modulo integers 
under multiplication? 
iv) Can G have normal subgroup under +? 
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61. 


62. 


v) Is Ga torsion free subgroup of torsion group? 
vi) Can G have subgroups of finite order under +? 


a, a, a, 
LetS = j]/a, a; a, a, € C(Z3,) = {a + bip la, b € 
a, ag ay 


Z31, i; = 30}} be a complex modulo integer semigroup 


under matrix multiplication. 

i) Find order of S. 

iit) Is S commutative? 

iii) Find ideals in S. 

iv) Is S a S-semigroup? 

v) Can S have subsemigroups which are not ideals? 
vi) Can S have zero divisors? 

vit) Can S have idempotents? 

viii) Give S-ideals in any in S. 

ix) Can S have nilpotent elements? 


a, a, A19 
LetS = 4) a, a, .. Ay |] a € C(Zy7) = {a + big la, 
7) 


be Zy, i = 46}; 1 < i < 30} be a complex modulo 
integer vector space over the field Z47. 

i) Find dimension of V over Zu. 

ii) Find the order of V. 

iii) Write V as a direct sum. 

iv) Write V as a pseudo direct sum over Za7. 

v) Define a linear operator T on V such that 


a, a, 0 0... O ay 
4 0 0 .. O ay }] ai, aj € C(Zay7); 
a, a 0 0... 0 a, 


1<i<6, j=10, 20, 30} Cc V so that T (W) CW. 
vi) Find S on V so that S (W) ¢ W. 
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63. 


64. 


a a, a; 
Let V=5]a, a, a, |] ai € C (Zo) = {a+ bipla, be 
a, ag ay 


Z005 ir = 19}; 1 <i< 9} be a complex modulo integer 
group under addition. 
i) Find order of V. 
ii) Verify Lagrange’s theorem. 
ii) What are the orders of subgroups of V? 
iv) Find quotient groups. 

3+1, 17 12 +1, 
v) Find order ofx=| 7i, 13i1,+1 542i, | € V. 

O 34101, 7 


vi) Is Cauchy theorem true for x in V? 


ai € C (Zz) = {a + big | 


a, b € Zp, ie = 29}; 1 <i < 16} be a Smarandache 

complex modulo integer linear algebra over the S-ring 

Z30- 

i) Finda basis of V. 

ii) Is V finite dimensional? 

iii) Is order of V finite? 

iv) Write V as a direct sum. 

v) Write V as a pseudo direct sum. 

vi) Find a sublinear algebra W of V such that for a linear 
operator T, T(W) c W. 

vii) Find a pseudo S-subvector space of V over Zs. 
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65. 


66. 


a 
LtS=4| ? a; € C (Zs) = {a t bipla, be Zs, i; 


ay, Ay 


= 2}; 1 <1 22} be a complex modulo integer group 

under addition. 

i) Find subgroups of S. 

ii) Can S be written as a interval direct sum of complex 
modulo integer subgroups? 

iii) Is every element in S is of finite order? 

iv) What is the order of S? 

v) CanS have p-Sylow subgroups? 

vi) Find all the p-Sylow subgroups of G. 


{; | 
Let G= 
a, a, 


= 39}; 1 <i < 4} be a semigroup of complex modulo 
integers under matrix multiplication. 

i) Is Gcommutative? (Prove your claim) 

ii) What is the order of G? 

itt) Can G have S-subsemigroups? 

iv) Is Ga S-semigroup? 

v) Can G have ideals? 

vi) Can G have S-idempotents? 


3 a, a, 
vii) Let H = 
a, a, 


1<i<4} CG. Is Ha subgroup of G. 
vill) What is the order of H? 
ix) Is H a commutative structure with respect to product? 
x) Can G have zero divisors which are not S-zero 
divisors? 
x1) Can G be written as a direct sum of subsemigroups? 


ae C(Za0) = {a + bir | a, be Z40s ie 


ay a4— a2 a3 #0, aj © C(Zao); 
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67. 


68. 


69. 


a a, . +2 

Let S = { aj € C(Zo9) = {a + big la, b © Zo, if 
a, a, 

= 19}; 1 <i S$ 3} be a complex modulo integer ring of 

characteristic 20. 

1) Is S a commutative ring? 

ii) Is S a S-ring.? 

iii) Can S have S-ideals? 

iv) Can S have ideals which are not S-ideals? 

v) What is the order of S? 

vi) Can S have subrings which are not S-subrings? 

vii) Does S contain a maximal ideal? 

viii) Can S have zero divisors? 

ix) Can S have S-units? 

x) Does S contain subrings which are not S-ideals? 

xi) Find a homomorphism n : S > S so that 


ker 7 # oe Find S/k 
er . Fin er 1). 
n 00 a 


a; € C(Zs) = {a + bipla, b © Zs, i2 = 


i=0 


Let M= {Bax 


4}} be a complex modulo integer polynomial ring. 

1) IsMa field ? 

ii) Can M bea S-ring? 

ii) Is M an integral domain? 

iv) Is Ma principal ideal domain? 

v) Can M have irreducible polynomials? 

vi) Is the polynomial p (x) = (3 +2ip) + (1+4ip)x? + 
(3 + ip)x° + 4ipx* in M a reducible polynomial order 
C(Zs)? 


a, € C (Zi) = {a + bipla, be Zp, i2 = 


Let N = {Sax 


i=0 


1}} be a complex modulo integer polynomial ring. 
i) Is N a field or an integral domain? 

iit) Is Na S-ring? 

iii) Can N have zero divisors? 
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70. 


71. 


72: 


iv) Is N a principal ideal domain? 

v) Can N have S-subrings? 

vi) Does N contain S-units? 

vii) Can N have subrings which are not ideals? 
viii) Can N have S-idempotents? 

ix) Can N have ideals which are minimal? 


ai € C (Zs) = {a t+ bigla, b € Zis, i; = 


Let V = [Zax 


i=0 


15}} be a complex modulo integer polynomial ring. 
Answer the problem (1) to Gx) of problem (69) for V. 


Let W = (C (Zj2) x C (Zyo) X C (Zy3)) = {a + ipb, c+dig, 
e+mir) 1a, b € Zp, ie =1l,cdé Zjo, i =9ande,me 


2433 i = 42}. 
i) Is Wa group of complex modulo integers under 
addition? 


iit) What is the order of W? 

iii) Is W a semigroup under product? 

iv) Is W as a semigroup of S-semigroup? 

v) Find zero divisors in W? 

vi) Find all p-Sylow subgroups of W treated as a group 
of complex modulo integers? (Is it possible?) 

vii) Can W be given a complex modulo integers ring 
structure? 


Let R = (Z3 x C (Zs) x C (Z,) X Zi) = {(a, b, c, d)lae 
Z3,b € C (Zs) = {x + izy |x, y € Zs, if =4} ce C(Z)= 
{m+ nip | m, ne Z, i = 6}, d € Zi} be a ring of 
modulo complex integers. 

i) Find order of R. 

ii) Can R have ideals? 

iii) Is R a S-ring? 

iv) Can R have S-units? 

v) Is Ra principal ideal domain? 

vi) Can R have S-zero divisors? 

vii) Find ideals in R which are not S-ideal. 
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73. 


74. 


75. 


viii) Find an ideal I in R and determine R /I. 
ix) Is it possible to have R/T to be a field? 
x) Can R ever be an integral domain? 


Let P = {(Z, X C(Zao) X C(Zi1)) = (a, b, c) where a € Z7, b 
€ C(Zy) = {d+ gir 1d, g € Zuo, ig =39},c € C(Zu) = 
{m +nip | m, n € Zy;; ip = 10}} be a group under 
addition. 
1) Mention some special properties enjoyed by P. 
ii) What is the order of P? 
iii) Is P abelian? 
iv) Find p-Sylow subgroups of P. 
v) Find subgroups of P which are only modulo integer 
subgroups and not complex modulo integer 
subgroups. 


Let S = {(Zo9 X C(Ziy2) X C(Zis) X Zo) = (a, b, c, d)lae 
Zo, b € C(Zy) = {e + giple, g © Zy, i, = 11}, be 
C(Zi2) = {e + girle, g € Zi; i, = 11}, c € C(Zis) = 
{m+ nip] m,n € Zs; i, = 14}, d € Z,} be a complex 
modulo integer semigroup under product. 

i) Find order of S. 

ii) Is S a S-semigroup? 

iii) Can S have zero divisors? 

iv) Can S have S-units? 

v) Find ideals in S. 

vi) Find S-subsemigroups which are not ideals in S. 

vit) Does S contain idempotents? 

viii) Can S have S-Lagrange subgroups? 


Let T = {(C(Z ) X C(Zp) X C(Ze)) = (a, b, c) la € C(Z3) = 
{x + yir |x, y € Zs, ie =2},be C(Z) = {m+ nip! m,n 
€ Zs; i, =1},c € C(Z) = {t+ ig lt, ue Ze; if =5} be 
the ring of complex modulo integers. 

i) What is the order of T? 

ii) Is T a S-ring? 

ii) Find S-ideals if any in T. 
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76. 


77. 


78. 


79. 


80. 


81. 


82. 


83. 


iv) Find a subring in T which is not an ideal. 
v) Is T a principal ideal domain? 

vi) Can T be a unique factorization domain? 
vii) Does T contain S-zero divisors? 


Let M = {(C(Zs) x C(Z4) x C(Zs) x C(Ze) x C(Z7)) = (a, b, 
c,d,e)lae C(Z) = {g + hipl g, he Z,, ie =2}\,be 
CZs) = {m + nip | m, n € Za; i; = 3}, c © C (Zs) = 
{t+ uipl t, ue Zs; ia =4},de C(Z%)={r+siplr,se 
Zo, ip = 5},e€ C Z;) = {p + dir lp, qe Zz; i; = 6}} be 
a group of complex modulo integers under addition. 

i) Find order of M. 

ii) Find subgroups of M. 

iii) Find all p-Sylow subgroups of M. 

iv) Prove every element in M is of finite order. 

v) Find an automorphism on M. 


Can we have a unique factorization domain of complex 
modulo integers? Justify your claim. 


Give an example of a complex modulo integers which is a 
principal ideal domain (Does it exist!). 


What is the algebraic structure enjoyed by the complex 
modulo ring C(Z19)? 


Obtain some interesting properties about complex modulo 
integer rings. 


Obtain some unique properties enjoyed by rings built 
using the complex modulo integers C(Z,). 


Is C(Z UT) a unique factorization domain? 


Can C((R U J) be a principal ideal domain? 


193 


84. 


85. 


86. 


87. 


IfA= {: ‘ a, b,c, de C((QUD); ad— be #0} bea 
Cc 

ring of neutrosophic complex modulo integers. 

i) Is A commutative? 

it) Is Aa S-ring? 

iii) Can A have S-ideals? 

iv) Can A have zero divisors? 

v) Can A have S- subrings which are not ideals? 

vi) Can the concept of a.c.c. or d.c.c. to imposed on A? 


Let M = {Zax 
i=0 


1,<C«Zu1)| be the neutrosophic 


complex polynomial ring. 

i) Find subrings in M which are not ideals? 

ti) IsMaS-ring? 

iii) Study the concept of irreducible and reducible 
polynomials in M. 

iv) Find a linearly reducible polynomial in M. 

v) Find a irreducible polynomial of degree three in M. 

vi) Will an irreducible polynomial in M generate a 
maximal ideal? 

vii) Is M a principal ideal domain? 

viii) Is M a unique factorization domain? 


Let R = {Sax 
i=0 


complex polynomial ring. Answer the questions (i) to 
(viii) mentioned in problem (85). 


1,<C(QUID} be a_neutrosophic 


Let F = [Sax 
i=0 


a,€ c| be a ring. Find the differences 


between M in problem 82, R in problem (83) and F in this 
problem. 
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88. 


89. 


90. 


91. 


92. 


Suppose P = {Bax <ccrury} be the real 
i=0 


neutrosophc ring of polynomials. 
i) Study / answer questions (i) to (vii). 
iit) Compare P with R, F and M in problems (82) to (84). 


Mention the properties distinctly associated with complex 
modulo integer vector spaces defined over Z,, p a prime. 


Find interesting properties enjoyed by Smarandache 
complex modulo integer linear algebras defined over the 
S-ring Zy, Nn not a prime. 


a ay Ary 
a a a 
3 Ay 24 : 
Let P = a, € C(Zo4) = {a + big la, 
Ars Ang 136 
437 Azg Ayg 


be Zu, i = 23}, 1 <i < 48} be a Smarandache complex 


integer vector space over the S-ring Z4. 

i) Finda basis for P over Zp. 

ii) What is the dimension of P over Z,4? 

iii) Find subspaces of P. 

iv) Write P as a direct sum. 

v) Write P as a pseudo direct sum. 

vi) Find a linear operator T on P so that T” exists. 

vit) Does P contain pseudo S-complex modulo integer 
vector subspaces over a field F € Z4? 


a; € C((Z7U 1) = {a + big + cl + igldl a, 


Let V = {Zax 
i=0 


b,c, d € Zp, i; =6, =I (ipl)” = 61}} be the neutrosophic 
complex polynomial ring. 

i) Is VaS-ring? 

ii) Can V have reducible polynomials? 
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93. 


94. 


ii) Give examples of irreducible polynomials? 
iv) Is V an integral domain? 

v) Can V have zero divisors? 

vi) Is V a principal ideal domain? 

vii) Can V have subrings which are not ideals? 


a; € C((ZeU I) = {a t bipla, b € Zo, 


Let W = {Zax 


i=0 


i; =5}} be a neutrosophic complex modulo integer ring. 


i) Find zero divisors in W. 

ii) Find two relatively prime polynomials in W. 
iii) Find ideals in W. 

iv) Is Wa S-ring? 

v) Find subrings in W which are not ideals? 
vi) Can W have S-units? 

vii) Can W have S-zero divisors? 

viii) Is W a principal ideal ring? 

ix) Can W have maximal ideals? 

x) Does W contain minimal ideals? 

xi) Will a.c.c. condition on ideals be true in W? 
xii) Does W contain pure neutrosophic ideals? 
xiii) Can W have complex modulo integer ideals? 


a; € C((ZU TD) = {a + bip + cl + ipl | 


i=0 


Let G= {Sax 


a,b,c, de Zp, i; = 1}} be a group under addition. 

i) Find order of G. 

iit) Can G have Sylow subgroups? 

iii) Can G be written as a direct product of subgroups? 


10 
iv) Let H= {ax 
i=0 
v) What is the order of G/ H? 
19 
vi) Find >°a,x'H. 
i=0 


a, € C(Z,UT)) CG. Find G/H. 
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95. 


96. 


Let F = {: ia a, € C((ZyU D) = {a + bila, be 
a, a, 

Zv, ig =1},1<i< 4) bearing. 

i) Is FaS-ring? 

ii) Is F is of finite order? 

iii) Find subrings in F which are not ideals. 

iv) Is F commutative? 

v) Find a left ideal in F which is not a right ideal in F. 

vi) Find S-zero divisors if any in F. 

vii) Can F be a ring with S-units? 

viii) What is the difference between F and 


a, a, 
H= a,EZ, 7? 
ay. Ay 


ix) Find some special properties enjoyed by F and not by 


=e al 


Zin, 2 = 11}. 


weed 


+ ipdI | a, b,c, de Z, i2 = 8, P =I, Ciel) = 81}} bea 
complex neutrosophic modulo integer semigroup under 
multiplication. 

i) Find order of P. 

ii) Is P commutative? 

iii) Find zero divisors if any in P. 

iv) Is P a S-semigroup? 

v) Can P have S-subsemigroups? 

vi) Find right ideals which are not left ideals in P. 

vit) Find S-units if any in P. 


a,b,c, de C (Zp) = {a+bipla, be 


a, b,c, de C (Zo D) = {a + big + cl 
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97. 


98. 


99. 


100. 


101. 


a, b,c, de C (ZU D) = {m + nig + 


ae 


tl+igsl 1m, n, t,s € Zn, i, = 10, P =I, (ipl) = 101}; ad— 

bc 4 0} be a group under multiplication. 

i) Find order of M. 

ii) Prove M is non commutative. 

iti) Find normal subgroups in M. 

iv) Find subgroups which are not normal in M. 

v) Is Cauchy theorem true in M? 

vi) Show M can be embedded in a symmetric group S,, 
give that n? (Cauley’s theorem). 


Find some interesting properties associated with 
neutrosophic complex modulo integer semigroups. 


Let S = {(ay, ao, a3, a4, as) 1 a; € C (ZU TD) = {a + big + 
cl + ipdl | a, b, c, de Zu, i2 = 23, P =I, (ipl) = 231}; 1< 
i < 5} be a complex neutrosophic modulo integer 
semigroup under multiplication. 

i) Find order of S. 

ii) Find zero divisors in S. 

iii) Find ideals in S. 

iv) Is S a S-ring? 

v) Find S-subsemirings in S. 


Suppose S in problem (98) is taken as addition what are 
the relevant differences you can find? 


xy 
xX 
Let V = 7 || xe C (Za D) = {a + bigl a, b © Zu, 


X19 


i, = 3, P =I, (isl = 31}; 1 <i < 10} be a group of 
complex neutrosophic modulo integers under addition. 
i) Find subgroups. 
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102. 


103. 


104. 


it) Find order of V. 
iii) Find p-Sylow subgroups of V. 
iv) Write V as a direct sum. 


Let P = {(C (ZU I) x C (ZU TD) x C (Z3U D)) = (a, 

b,c)lae C (ZU 1D) = {d+ gip + hl +ipkI ld, g,h, ke 

Zy, i. = 6, P =I, (ipl)? = 61}} b | C (ZW D) = {m+ nig 

+tl+ipsllm,n,t,s€ Zn, i, = 10, P =I, (pl)’ = 101} 

and C € C ((Z;U 1) = {(a + big + el + ip dI) | i; = 2, P= 

I, (ipl)? = 2I}} be a neutrosophic complex modulo integer 

semigroup under product. 

i) Find order of P. 

ii) Find ideal of P. 

iii) Is P a S-semigroup? 

iv) Is T=T={Z, x Zi, xX Z3} C Pa pseudo modulo 
integer subsemigroup of P? Can T be an ideal of P? 

v) Can W = {C(Z,) x C (Zi) X C (Zs)} C P be a pseudo 
complex ideal of P? 

vi) Can B= {(Z, UDx C (ZU T)) x C (Z,U T))} CP 
be a pseudo neutrosophic ideal of P? 


Suppose P in problem 101 is taken as a neutrosophic 
complex modulo integer group under addition then study 
the basic properties associated with P. Compare P as a 
group under + and semigroup under multiplication. 


Let M = {Z, x C (Zs) x C ((ZiU Tp) & (ZioV I)) = {(a, b, 
c, d)lae Z,, be C (Zs) =a + pig; a, p € Zs, if =4};ce 
C (ZU I)) = {a + big + dl + eigl la, b, d, ee € Zi, i, = 
11, P =I, (igl’ = 110}, de (Zip UD = {a t bl la, be Zio, 
I = I}} be a semigroup under multiplication. 

1) Find order of M. 

ii) Find zero divisors in M. 

iti) Is M a S-semigroup? 

iv) Find S-ideals if any in M. 

v) Can M have S-units? 
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105. 


106. 


107. 


a, a, «. ay 
Let L= 5} a ay Ag || aie C (Zyo) = {a + big la, 
aig: Aso. eee ~A5y 
b € Zu, i = 39}; 1 <i < 27} be a complex modulo 
integer group under addition. 
i) Find all p-Sylow subgroups of L. 
ii) Can L be written as a direct union sum of subgroups? 


a, O .. O a, 

ii) IfH= ;/a, O .. O a, || ae C (Zy); 1 Sis 6} 
a, 0 .. O a, 

CL. Is Ha subgroup? If so find the coset of H in L. 


Let M=4]a, a, a, |] ae C (ZpUD) = {a + big + cl 
a; ag ay 

+ ipdl | a, b,c,d € Zio, #2 = 11}, P =I; lig)’ = 111); 1 <i 

<9} be a neutrosophic complex modulo integer ring. 

i) IsMaS-ring? 

ii) Write S-units in M. 

iii) Find ideals in M. 

iv) Find S-ideals if any in M. 

v) Find subrings which are not ideals. 

vi) What is the order of M? 

vii) Does M contain S-subrings which are not S-ideals? 

viii) Find a right ideal which is not a left ideal of M. 


: ai € C ((ZyUTD)) = {a + 


big + cl + ipdl la, b,c, de Zp, 2 = 21, 2 = 1; Ge’ = 
211}; 1 < i < 16} be a neutrosophic complex modulo 
integer semigroup. 
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108. 


109. 


i) Find order of T. 

it) Find ideals in T. 

iii) Find subrings in T which are not ideals of T. 
iv) Find a right ideal of T and left ideal of T. 

v) Find S-zero divisors if any in T. 

vi) Is T a S-semigroup? 

vii) Can T have idempotents? 


Let B = {(X1, X2, X3, X4, Xs, X6) | Xi Ee C (ZpUD) = {a + biz 

+ cl + ipdI | a,b, c, de Zi, i, = 11, P =I; (ipl) = 111}; 1 

< i < 6} be a ring of neutrosophic complex modulo 

integers. 

i) Find order of B. 

ii) Find ideals of B. 

iii) Can B have subrings which are not ideals? 

iv) Can B have S-ideals? 

v) Is BaS-ring? 

vi) Can B have S-subrings? 

vii) Can T= {(x; 0 x2 0 x3 0) 1x; e C (ZpUD); 1 <i <3} 
CB be an ideal? 

vili) Find B/I. 


ae 


+ ipdl | i2 = 13, P = I; (ipl)? = 131}} be a ring of 

neutrosophic complex modulo integer. 

it) IsMaS-ring? 

ii) Find order of M. 

iti) Find S-ideals if any in M. 

iv) Can M have S-zero divisors? 

v) Find idempotents if any in M. 

vi) Find a left ideal of M which is not a right ideal of M 
and vice versa. 

vii) Does M have a zero divisor which is not a S-zero 
divisor? 

viii) Find a S-subring which is not an ideal of M. 


a, b,c, de C (ZU) = fa + big + cl 
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110. 


111. 


112. 


a, € C ((Z3U1)) = {a + bip + cl + igdl 


10 
Let T= {Sax 
i=0 


la, b, c, de Zs; i, =2, P =I; (ipl)” = 1}} be a semigroup 


(or group under addition). 

i) Find order of T. 

iit) What are the stricking differences when T is 
considered as a group and as a semigroup? 

ii) Find all p-Sylow subgroups of T. 

iv) Find S, (exact n) so that T is embeddable in S,. 

v) What are the distinct features as a group T enjoys? 

vi) Can T have ideals, (T as a semigroup)? 


Let M = {all 10 x 10 upper triangular matrices with 
entries from C ((Z2sUD) = {a + bip + cl + ipdl la, b, c, dé 
Zos; i, = 24, P = I; (ipl)’ = 241}} be a neutrosophic 
complex modulo integer ring. 

i) Is M commutative? 

ii) Is Ma S-ring? 

iii) Is M finite? 

iv) Find subrings in M which are not ideals? 

v) Find S-ideals if any. 

vi) Does M have zero divisors? 

vii) Can M have S-units? 

viii) Find any special property enjoyed by M. 


Let V = {(X1, Xo, ..., X19) 1xi E C (ZyUD) = {a + bip + cl 
+ ipdI la, b, c,d € Zu, iz = 10, P =I; Ciel)’ = 101}} be a 
neutrosophic complex modulo integer linear algebra over 
the field Z1,. 
i) Find subspaces of V. 
ii) Write V as a direct sum of subspaces (linear 
subalgebras). 
iii) Find a basis of V. 
iv) If V is defined over (Z,, U I). find the basis. 
v) If V is defined over C (Z,,) what is the dimension of 
V over C (Zj;)? 
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113. 


114. 


vi) What is dimension of V if V is defined over 
C (Zn UD)? 


ap 85, a. 
Let M = ag ‘ 
ay Ay + Any 
+ cl + isd] | a, b,c, d € Zo3, i2 = 22, P =I; (ipl) = 221); ; 
1 <1 16} bea neutrosophic complex modulo integer 
vector space over Z3. 
i) Finda basis of M over Z3. 
it) What is dimension of M over Z,3? 


iii) Write M as a direct sum. 
iv) Write M as a pseudo direct sum. 


. ewe |[¢ O° ay Ab. ay. OD ay "] 


a, € C ((Z3U1)) = {a + biz 


aj € 


O a O a 0 a O a, 


C (Z3UD) 1 <i<8} GCM bea subspace of M. Find 
a linear operator on V so that T (W) c W. 
vi) Study (1) and (ii) if Z3 if replaced by C ((Z3 U I). 


(: *] 
Let P = 

a, a, 
ipdl la, b,c, de Zy, i, = 11, P=1; (ipl) = 111};; 1 Sis 
4} be a S-neutrosophic complex modular integer linear 
algebra over the S-ring Zp. 

i) Find a basis of P. 

ii) What is the dimension of P over Z)2? 

iii) Write P as a direct sum. 

iv) Write P as a pseudo direct sum. 

v) Find the algebraic structure enjoyed by Hom, (V,V). 


a, € C (ZpUD) = {a + bip + cl + 


vi) Give a linear operator T such that T' exists and keeps 
no subspace of P invariant under it. 
vii) Does such a linear operator exist? 
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115. 


116. 


Let V = {: * a a, ay), >) aiX a € C 


((ZooD) = {a + big + cl + ipdl | i2 = 19, P = I; (ipl)? = 
191}; O<i< 5} be a set neutrosophic complex integer 
modulo vector space over the set S = {0, 2,5, 10, 11} c 
Zn. 

i) Find the number of elements in V. 

ii) Finda basis of V over S. 

iti) Does V have subspaces? 

iv) Can V be written as a direct sum? If so do it. 

v) Write V as a pseudo direct sum. 


Let P= 


a; € C ((ZyUD) = {a + bip + cl + 


ipdl | a, b,c, de Zu, i, = 10, P=; Gig)’ = 101}; O<i< 
24} be a set neutrosophic complex vector space of 
modulo integers over the set S = {0, 3, 5, 7} C Zu. 

i) Find dimension of P over S. 

ii) Finda basis of P over S. 

ii1) Write P as a direct sum. 
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117. 


118. 


iv) Find T : P > P such that T keep atleast two subspaces 
invariant. 

v) Prove P can have pure neutrosophic subspaces over S. 

vi) Find complex modulo integer set vector subspaces of 
P over S. 

vit) Find just modulo integer vector subspaces of P over 
S. 

viii) Find the structure enjoyed by Homs (P, P). 

ix) Can a linear operator on P be such that it keeps every 
subspace invariant? 


Let M = a 
ai3 aig ais Ai6 a7 aig 

((Za3U])) = {a + bip + cl + ipdl la, b,c, de Za, if = 42, 

I = I; (ipl) = 421}; 1 < i < 18} be a set neutrosophic 

complex linear algebra over the set S = {0, 1, 4, 41, 9, 42} 

Cc Z43. 

i) Finda basis for M over S. 

ii) Write M as a direct sum of sublinear algebras over S. 

iti) Find dimension of M over S. 

iv) Find two disjoint sublinear algebras of M so that the 
intersection is the 3 x 6 zero matrix. 

v) Find a linear operator T on M so that T’ does not 
exist. 


7 4g Ag Ay Ay AyD a Ee C 


Let V=s}a, a, a, || ae C ((Z UD) = {a+ bir + cl 


L413 4 As 
+ ipdI 1a, b, c, d € Zo3, i2 = 22, P =I; (ipl) = 221}; 1 Si 
< 15} be a set neutrosophic complex modulo integer 


linear algebra over the set S = {0, 1, 20, 19, 21,3,5, 7} c 
Z93. 
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119. 


120. 


121. 


i) Finda basis for V. 

ii) What is the dimension of V over S? 

iii) Write V as a direct sum of set sublinear algebras. 

iv) Study Homs (V, V). 

v) Study L (V, S). 

vi) Introduce and study any other properties related with 
V. 


Let G = * a; a; a, ay 
a, a, a a, Ayo 

big + cl + ipdI | a, b,c, de Zs, i = 4, P =I; (igl) = 41}; 

1 <i < 10} be a group of neutrosophic complex modulo 

integers under addition. 

i) What is the order of G? 

ii) Find all p-Sylow subgroups of G. 

ii) Let H= 


a, a, 0 O O 
0 O a, a, O 


c bea subgroup of G. find G/ H. What is 0 (G/H)? 


arf 


a, b,c, d€ Zs, i, = 24, P =I; (igl)’ = 241} be a group 

under addition of neutrosophic complex modulo integers. 

i) Find order of P. 

it) Obtain all p-Sylow subgroups of P. 

ii) Give a subgroup of P which is not a p-Sylow 
subgroup. 

iv) Can P be a group under product? 

v) Is it possible to write P as a direct sum of subgroups? 

vi) Can 7 : P > P be such that ker 17 is nontrivial? (q - a 
group homomorphism). 


a, € C (Zs5UD)) = {a+ 


neCcZ,u1>yasis4| 


a€ C ((Z)sUD)) = {a + bip + cl + ipdl | 


Give any nice and interesting property enjoyed by 
neutrosophic complex modulo integer groups. 
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122. 


123. 


124. 


125. 


126. 


127. 


128. 


129. 


Obtain some classical theorems of finite groups in case of 
complex modulo neutrosophic integer groups. 


Construct a class of neutrosophic complex modulo integer 
semigroups which are not S-semigroups. 


Give an example of a complex neutrosophic modulo 
integer semigroup which is a S-semigroup. 


Does there exist rings built using neutrosophic complex 
modulo integers which is not a S-ring? 


Study the algebraic structure of Hom, (V, V) where V is 


a neutrosophic complex modulo integer vector space over 
Z 
b. 


Study the algebraic structure of L (V, Z,) where V is the 
neutrosophic complex modulo integer vector space over 
Ziyi 


a ay 19 
Let V= 4] a, a, «. Ag || ai € C (ZpUD) = {a + 
Ca: ary 


bir + cl + igdI la, b,c, d€ Za, i2 =42, P =Land (igl)’ = 
421}; 1 < i < 30} be a neutrosophic complex modulo 
integer vector space over the field Z43. Find L (V, Zu3). 


ay 
a a . a a 
1 2 * 6 2 
Let V = | (ay, a2, sees 10)s : aj 
fin, Ay. ta. By 
a, 


€ C ((Za7UD)) = {a + bip + cl + dipl la, b,c, de Zaz, i; = 
46, P =Tand (irl)? = 461}; 1 <i < 12} bea set complex 
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130. 


131. 


132. 


133. 


134. 


neutrosophic modulo integer vector space over the set S = 

{0, 421, 3+71, 271, 5+40I, 1}. 

i) Finda basis. 

ii) Is V finite or infinite dimensional over S? 

iii) Write V as a direct sum. 

iv) Write V as a pseudo direct sum. 

v) Find Homs (V,V). 

vi) Find atleast one linear operator T on V so that T" 
exists. 


Find some nice applications of set complex neutrosophic 
modulo integer vector spaces defined over a set S. 


What is the advantage of using set complex neutrosophic 
modulo integer strong linear algebras over the set S? 


Let V be a set neutrosophic complex modulo integer 
strong linear algebra defined over a set S. 
Find Homs (V,V). 


(2 a 
Let M= 
a, a, 
((Zz UT) = {a + big + cl + ipdl | a, b,c, de Zs, i, =2,P 
=I and (igl)’ = 21} be a group complex neutrosophic 
modulo integer strong linear algebra over the group G = 
Z3. 
i) Finda basis of M over G. 
ii) Show the number of elements in M is finite 
(Find 0 (M)). 
iii) Write M as a pseudo direct sum. 
iv) Is it possible to write M as a direct sum of strong 
linear subalgebras? 


a, € C ((Z3 UTD)), 1 $i <4} where C 


Find some interesting properties associated with group 
modulo integer neutrosophic complex vector spaces 
defined over a group G. 
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136. 


137. 


138. 


139. 


140. 


. Compare group neutrosophic complex modulo integer 


vector spaces with group neutrosophic complex modulo 
integer strong linear algebras. 


Find the difference between the semigroup complex 
neutrosophic modulo integer vector spaces and semigroup 
complex neutrosophic modulo integer strong linear 
algebras. 


Let V = {(aj, a, ..., a9) lay e C (ZsUD)) = {a + bip + cl + 
ipdI la, b,c, de Zs, i; = 4, P =Land (ipl = 41}; 1 <i< 
9} be a semigroup neutrosophic complex modulo integer 
strong linear algebra over the semigroup S = C (Zs) = {a + 
ipb | a, b € Zs} under addition. 

i) Find the number of elements in V. 

ii) Find a basis of V. 

iii) What is the dimension of V over S? 

iv) Write V as a direct sum of sublinear algebras. 

v) Write V as a pseudo direct sum. 


Find the algebraic structure enjoyed by Homs (V,V); V a 
set complex neutrosophic modulo integers over the set S. 


If V is a neutrosophic complex modulo integer linear 
algebra over Z, find Hom, (V, V). 


aeéeC ((ZoUI)) = 


{a + bi + cl + igdI la, b,c, de Z, 2 = 1, =I and 


(ipl) = 1}; 1 Si < 20} bea complex neutrosophic modulo 
integer vector space over the field Zy. 

i) Find dimension of M over Z). 

ii) What is the order of M? 

iii) Find a basis of M over Zp. 

iv) Is M a linear algebra? 
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141. 


142. 


143. 


144. 


145. 


v) CanM bea strong linear algebra? 

vi) Write M as a direct sum of subspaces. 

vii) Find Hom, (M, M). 

viii) Find L (M, Zp). 

ix) Write M as a pseudo direct sum of subspaces. 

x) If Z,is replaced by C ((Z,UI)) what is the structure of 
M? 


a a, we Arg 
Let M= 5/a, a, «. ay |] aie C (ZyUD) = {at 
Ay, Aye Agg 


bip + cl + igdI 1a, b,c, de Zu, if = 10, P =Land (ipl) = 


101}; 1 < 1 < 30} be a set complex neutrosophic modulo 
integer linear algebra over the set S = {0, 1}. 

i) Finda basis of M. 

ii) Find the number of elements in M. 

iii) Write M as a direct sum of subspaces. 

iv) Find Homs (M, M). 

v) Find T € Homsg (M, M) such that T' does not exist. 


If S in problem 140 is replaced by Z,,, answer questions 


(1) to (v). 


If S in problem 140 is replaced by C (Z,,) then study the 
questions (1) to (Vv). 


If S in problem 140 is replaced by C (Zi, U I)), will S be 
a vector space? 


ay 


a, 


a 
Let V= 4} * |] are C (ZUD) = {a t bip + cl + ipdl la, 
a 


4 


as 


a6 


b,c, d€ Zs, i, = 19, P =1Land (igl)’ = 191}; 1 <i < 6} 
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146. 


147. 


be a Smarandache neutrosophic complex modulo integer 
vector space over the S-ring Zy9. 

i) Find a basis of V. 

ii) Find number of elements of V. 

iii) Write V as a direct sum of subspaces. 

iv) Find Hom, (V, V). 


v) Find a projection operator on V. 
vi) Does there exists a linear operator on V which keeps 
every subspace of V invariant? 


wel 


+ ipsI | m,n, r,s € Zio, ig =9, P =Land (ipl)” = 91}} bea 

Smarandache complex neutrosophic modulo integer linear 

algebra over the S-ring S = Zio. 

i) Find a basis of M. 

ii) Find dimension of M over S - ring. 

iii) If M is treated only as a vector space will dimension 
of M over S be different? Justify your claim. 

iv) Can M be written as a direct sum of linear 
subalgebras? 

v) Find the algebraic structure enjoyed by Homg (M, M). 

vi) Write M as a pseudo direct sum of linear subalgebras. 


a, b, c, dé C (ZjoUD)) = {m + nig + rl 


| 0 
vii) Is P = | i 5 a,be C((Z,, vo} <M bea linear 
subalgebra? 
la bc d 
Let V = | a,b,c,d,e,f,g,he C2) be 
le f g h 


the Smarandache complex modulo integer vector space 
over the S-ring Z46. 

i) Finda basis of V over Zy6. 

ii) Is V finite dimensional over Z45? 

iil) Find Hom, (V, V). 


iv) If Zy6 is replaced by C (Z4¢) will the dimension of V 
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148. 


149. 


150. 


151. 


over C (Zags) vary? 


ay a, a; 
Let T = a, a, a,|ja,eC(Z,);1<i<9> be a 
a 


complex modulo integer linear algebra over the field F = 

Zi. 

i) Finda basis of T over Z,. 

ii) Find L (T, Z,). 

iii) Find Hom, (T, T). 

iv) Find the number of elements in T. 

v) Write T as a pseudo direct sum of sublinear algebras. 

vi) Can T be written as a direct sum of sublinear 
algebras? 


Enumerate some interesting properties enjoyed by 
complex modulo integer vector space. 


What is the distinct features enjoyed by Smarandache 
complex modulo integer vector spaces defined over a S- 
ring (Z,) and a complex modulo integer vector spaces 
defined over a field Z,. 


8 ll ai © C (Zy3UD) = {a + 


big + cl + ipdI 1a, b, c, d € Zo3, i2 = 22, P =Tand (igl)’ = 
221}; 1 <i S$ 16} and W = {(a), a, ..., ap) lay e C 
((Z3V0D); 1 < i < 12} be two complex neutrosophic 
modulo integer linear algebra defined over the field Z,3. 

i) Finda basis of V and a basis of W. 

ii) What is the dimension of V? 

iii) Find Hom, (V, W)=S. 

iv) Find Hom, (W, V)=R. 


v) IsR=S? 
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152. 


153. 


154. 


155. 


156. 


157. 


Obtain some interesting applications of complex modulo 
integer linear algebras. 


Determine some nice applications of complex 
neutrosophic modulo integer vector space. 


Find any property enjoyed by S - complex neutrosophic 
modulo integer vector spaces defined over a S-ring. 


oe Ri eA cel 
Ay, st yp 

+ ind] | a, b,c, d © Zoo, 2 = 28, P =I and (igl)* = 281}; 1 

< 1 < 40} be a set complex neutrosophic linear algebra of 

modulo integer defined over the set S = {0, 1, I}. 

i) Finda basis of V over S. 

ii) Will the dimension of V change if V is replaced by 


2Z 0. 
itt) Find Homg (V, V). 


a, € C (ZyUD) = {a + bip + cl 


Let P = {(ai, ..., aos) lai e C (ZU) = {a + bip + cl + 
ipdl | a, b,c, de Zi3, i, = 12, P =1and (ipl) = 121}; 1 < 
i < 25} be a set complex neutrosophic modulo integer 
strong linear algebra over S = {0, I}. 
i) Find a basis of P over S. 
ii) Find dimension of P over S. 
iii) Write P as a direct sum of strong linear subalgebras. 
iv) If S is replaced by T = {0, 1} will dimension of 

P over T different? 


Find applications of complex neutrosophic real linear 
algebras. 
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158. 


159. 


160. 


Let $ = {: i a, b, c, de C (RUD) = {m+ ni+sI+ 
c 

Iri | i? = -1, 2 = I and GD’ = -I}} be a complex 

neutrosophic linear algebra over R. 

1) Finda basis of S over R. 

ii) Is S finite dimensional over R? 

ii) Find Home (S,S). 

iv) Find L (S, R). 

v) IfR is replaced by (R U J) study results (1) to (v). 

vi) If R is replaced by C (R) = {a+ bila, be R,i’ =-1} 
= C study questions (1) to (iv). 

vii) If R is replaced by C ((R U I)) What is dimension of 
S? Study (1) to (iv) questions. 

viii) Compare and distinguish between the spaces given in 
questions (v) (vi) and (vii). 


Obtain some interesting results about complex 
neutrosophic semivecor spaces defined over Z. 


wre 


is] |i? =-1, P =I and (il)” = —I}, m,n, r,s, are in Z}. Is 
P a semifield? Justify your answer. 


a, b,c, de C (ZUT)) = {m+ ni +11 + 
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